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Complex Number

Definition of Complex Number: Let x and y be two real numbers. Then a number of the form x + iy = z
is called a complex number where i = v—1.

And x is called the real part of the complex number z and y is called the imaginary part of z and these are
denoted by Re z and Im z respectively.

Note: The complex number x +iy is also represented by the ordered pair of real

numbers (x,y), e, x +iy = (x,¥).

#Let zy = x; + iy, and z, = x, + iy, then z; < z, if and only if x; < x;, and y; < y,.
z122; = (0 £25) +i(y £ y2)
712, = (1 +iy) (xp + 1y2) = (X122 — ¥1¥2) +i(x1%2 + ¥1Y2)

Definition: Let the complex number z = x + iy. Then the conjugate of z is x — iy and is denoted by Z
ie, ifz = x + iythenz = x - iy.

Theorem: The sum and product of a complex number and its conjugate are real numbers.

Proof: Let x + iy be a complex number, then its conjugate is x — iy.
Now Sum= (x + iy) +(x - iy) = 2x (real)

Product=(x + iy) (x - iy) = x% + y? (real)

# A complex number z = x + iy represents a point in the

complex plane i.e., R? plane (space) as shown in the figure 1. P z=x+Iy
#1fz = x + iy is a complex number denoted by the point P r y
then r, the length of OP where O is the origin is called the
modulas of z and is denoted by | z |. 6
0 X

e, 1 =|z| = Jx?+y2

And if 8 is the angle between the line OP and the real axis then 8

is called argument or amplitude of z and is denoted by arg z or Figure 1
amp z.
ie., 0 =argz = tan™! (g)

From the figure

x = rcosf
y =rsiné
Hence z =r1rcosf + irsinf

= r(cos 6 + isin8)
= ret? [polar form of z]

Similarly 7= re %

Complex Number

Therefore arg Z= —argz
And lz| = |z
If z; = et and z, = ryeif2
Then
2,2, = 1ryrpel(P1+02)
|z125|=Im172| = 211122
And, arg (z12;) = 6, + 0, = arg(zy) + arg(z,)
Similarly,

zi| _ |zl

1z2]

provided |z,| # 0

z
arg (i) = arg(zy) — arg(z)

Problem: If x = cos6 + i sinf and x = cos¢ + i sing, prove that

X+ 0 —
x_§=itan( 2¢

)

De Moivere’s theorem (By Exponential Function): (cos@ + i sinf)™ = cosné + i sinn
Proof: We know that cos@ + i sin = e'?
Therefore (cos@ + isin0)" = (gi9)"

= eind

= cosnb + isinnfd

(cosB+i sinf)8

E le: E he f iy.
xample: Express (5inf+1 cosd) in the form x + iy

] (cosB+isin8)®  (cos6+ising)®
D - = z
(sinB+i cosh)* i4(cose+%sin0)

Soln

_ (cosf +ising)®

" (cos® — i sinf )*

B (cosf + i sinf)®

~ (cos(—0) + i sin (—0) )*

_ (cost + i sin@)®

" (cosO +isinf )~*

= (cos@ + i sinf)*?

=cos1260 +isin120 (Proved)

#z2P=x2+y?=(x+iy)(x —iy)=zz

#2112, =(qtx) iy ty) = (g 2x) — i £y2)
= -yt —iy,) =211 2
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And, Z;Z; = (% + 1) (0 +1y2) = (0% — Y1¥2) + 1(xy2 + X3Y1)
= (x1X — Y1Y2) — i(X1Y2 + X2)1)

= (x1 — iy1)(xy — iy,) = 212,

Ny

And =z

Definition of Complex Variable: A variable z which takes any value from a set of complex numbers is
called complex variable.

Problem: For any two complex number z;and z,, prove that

(@) |z + 25| < |z1] + |22
(i) |21 — 25| = |z1]| = |2,
Proof:
i) We have,
|21 + 2,1 = (21 + 2,) (21 + 2) v 217 = |zq?
=(z1+2) (2 + 73)
=217+ 237, + 7212, + 217,
=1z112 + |2,|? + 2,23 + 212, v z+Z=2x=2Re(z)
=|z|? + |2,|? + 2 Re(z,73)z=x+iy
< 2112 + |2,)% + 2|21.23| Re z =x<V (x2+y2)=|z|
= |Z1|2 + |Zz|2 + 2|z||z,|
={lz1] + |2 [}?
So, |21 + 23| < |z1] + |2,
(ii) [z1] = (21 — 25) + 23| < |21 — 23| + |2,

Hence, |z; — 25| = |z1| — |2;]
Example: Show that |x| + |y| < V2|x + iy|
Solution: We know,
2 +iyl* =20 +y?) =x? +y* +x2 +y? = x| + [y|* + [x]* + |y[?

> [x|? + |yI? + 2|yl
> (Jx| + lyD?

Hence, |x| + |y] < VZ|x + iy|

v x%+y? > 2xyie, AM>GM

Powers of i: We know that i = v—1

Therefore i?=-1

Limit 4
Limit

Definition: Let A and B be two sets. A function f: A = B is a correspondence such that by f each elements
of A corresponds to a unique element of B.

Here we shall always consider the function f: C — C, where C is the set of complex numbers.
Definition: Let f(z) be a function. A number [ is called the limit of f(z) at z = z, if for any € > 0
There exists a § > 0 (depending on ¢€) such that |f(z) — I| < € where 0 < |z — z| < 6.
ie, f(z)-lasz - z
limf(z) =1
z-z,

Example: prove that limz? = z2
z-z¢

Proof: Here f(z) = z°
Choose any € > 0

lim f(z) = z2 is true if there exists a § > 0 such that |f(z) — z3| < & whenever 0 < |z — z,| < §

z-70

Consider 6 < 1 slz—zpl <6 <1

Now, |f(2) = z§| = |2% — z§| = |(z + 20)(z — 20)|
= |(z — 2o + 220)(z — 2o)|
< 6|(z — zp) + 2z,| vlz—z| < 8

< 61z — 2ol + 220D

<61+ 21z vlz—zyl <6 <1

Suppose § = min (1 £ )

" 1+42|z0]
&
1+42|zp|

Then |f(z) — 23| < (1 + 2|zy]) = e whenever 0 < |z — zy| < &
Hence, lim,_,,, f(2) = z§

; 2 _ 2
lim,_,, z° = z5 [Proved]

Similarly we can show that lim z" = z§
z-2¢

Theorem: If lim,_,, f(z) exists then its value is unique.
Proof: Suppose lim,_,,  f(2) = l; and lim,_, f(2) = [,
We have to show that [; = [,.

Choose & > 0. Then there exists §; > 0,8, > 0 such that|f(2) — ;] < % whenever 0 < |z — z,| < 6
and|f (z) — L,| < 2, whenever 0 < |z — z,| < &,

Let § = min(6, ;)

Hence, for 0 < |z — zy| < &




Limit

b =Ll =1L = f(2)+f(2) = L]
Slh=f@I+1f(2) - L]
=1f(2) =Ll +1f(2) - L]
<§+§ =€

Or |l - | <¢

Since ¢ is arbitrary,

[li=6L]l=0 or L—-1,=0 or Ili=1

Properties:  Suppose lim,_,, f(z) = A and lim,_,,, g(z) = B. Then:

) limz—»zo{f(z) t9(@)}=A+B
(i) hmzazo f(@). g(Z) =AB

1

(i) limg,,, — el E provided B # 0
: f@ _ A .
(iv)  limg,, == et provided B # 0

Proof:
) Choose € > 0

Since lim f(z) = A4, so there exist §; > Osuch that |f(z) — A| < gwhenever 0<|z—2z| <6
z-2Zg
Again since lim g(z) = B, so there exist 6, > 0 such that |g(z) — B| < gwhenever 0<|z—2z| <6y
z-2

Let, § = min (6,,6,)

So,for0 < |z—2zy| < &

I (2) + 9(2) — (A + B)| = |{f (2) — 4} + {g(2) — B}|
< |f(2) - Al +19(2) - Bl
<§+§=£

Hence, lim,_,, {f(2) + g(2)} = A+ B

Similarly, lim,_,, {f(z) — g(2)} = A—B

(ii) We get,
|f(2)g(z) — AB| = |f(2)g(2) — f(2)B + f(2)B — AB|
= |f(2){g(2) — B} + B{f (z) — 4}
<If@llg2) — Bl + |BlIf(2) — 4|
Since, lim,_,,, f(z) = A, So there exists §; > 0 such that |f(z) — A| < 1 whenever 0 < |z — zy| < §;
But |[f(2)| — |A] < |f(2) — Al
~f@ =141 <1

Limit 6

Or |f(2)| <1+ |4]

Since lim g(z) = B, so there exists §, > 0 such that |g(z) — B] < ———— whenever 0 < |z — 7| < §,.

2(1+|A|)

Since hm f(z) = A, so there exists §5 > 0 such that |f(z) — A| < ——= whenever 0 < |z — z,| < 6.

Z(IBI)
Let § = min (64,85, 83)
Sofor0<|z—2z4| <6

If(2)g(z) — AB| < (1 + |AD

=§+§=s
|f(2)g(z) — AB| < € whenever 0 < |z — zy| < §
i 1im f()g(7) = AB

+|Blo—

&
2(1+ 14D 2|B|

(i)  We get,
|_ _ _| _lg@») - B|
9@ Bl T IBllg@I

Since lim g(z) = B # 0, so there exists §; > 0 such that |g(z) — B| < lBl £
z-Zy

f0r0<|z—zo| <6

Again since lim g(z) = B so there exists §, > 0 such that |g(z) — B| < 7 whenever 0 < |z — 7| <
z-2)
5,.
ButB=B—-g(z)+ g(2)
~|Bl < 1g(2) — Bl +1g(2)|
<By 9@

1
or lg@@)| > 5 1Bl
1 < 2
or——< —
lg(@)| ~IB|
Let § = min (8;,8,)
So for 0 < |z — 25| < & we get,

‘___4:E@;ﬂ_i_
g(z) B Bl “lg@]
IBl2e 1 2 _
2 |BI'|B]

———| < e whenever 0 < |z — zy| < 6
g(Z)

Therefore 211210 5 (z) -

1

(iv) llm 1@ _ im {f(z).ﬁ} = Zlirgll’f(z) lim —

2092 25z, z-2¢ g(z)
= A.% [By (ii) and (iii)]
= g [Proved]

Example: Show that lim g does not exist
z-Z




Limit
Solution: Let z = x + iy

x—iy

ThenlimZ=  lim :
z-0Z  (x,)-(0,0) X+iy

Suppose z—0 along x axis (y=0, x—0)

. Z . x—i . x
Thenlim== lim 4y =lim==1
z-02 x—;O,y:O x+iy x—-0 X

Now let z—0 along y axis (x=0, y—0)

Y im =2 = 1

A .
Thenlim== lim — = -
z-02Z x=0,y—-0 x+iy x-0 1y

. o .z .
Since the two limits are unequal, so lim ;does not exist.
z-2Zg

Continuity

Continuity

Definition: A function f(z) is said to be continuous at z, if for any € > 0 there exist § > 0 (depending on
€ and also on z, ) such that |f(2) — f(zo)| < € whenever |z — z,| < § orif lim f(2) = f(z,) -
zZ-Zy

Definition: A function f(z) is said to be uniformly continuous in a region R if for any € > 0 there exist
& > 0 (depending on &, not at any point in R) such that |f(z;) — f(z,)| < &€ whenever |z;—2z,] < § in R

where z1,z, € R
Properties: If f(z) and g(z) are continuous at zythen,

€] f(2) £ g(2) is continuous at z,
(ii))  f(2)g(z) is continuous at z,
f@) .

(iii) 9@ 18 continuous at zy, provided g(z) # 0

Proof: (i) Choose € > 0

Since f(z) is continuous at zg, then lim f(z) = f(zy). So there exist §; > Osuch that [f(2) — f(zy)| < §
z-2Zg

whenever |z — z,| < 6;

Again since g(z) is continuous at z,, then lim g(z) = g(zy). So there exist 6, > 0 such that |g(z) —
z-2Zg

g(zy)| < E whenever |z — zy| < §,.

Let, § = min (6,,6,)

So, for |z — zy| < &

If (@) +9(2) — (f(20) + g(2o))| = l{f (@) — f(20)} + {g(2) — g(z0)}|
S |f (@) = f(zo)| + 19(2) = g(20)1
< §+ 5 =€

Hence, lim,_, {f (2) + g(2)} = f(20) + g(20)

Therefore f(z) + g(z) is continuous at z;.

Similarly we can show that f(z) — g(z) is continuous at z,.

(ii) We get
If(2)g(2) — f(20)9(z0)| =1f(2)g(2) — f(2)g(20) + f(2)g(20) — f(20)9(20)]

=1f(2){g(2) = 9(20)} + 9(2o){f (2) — f(20)}]
< 1f@lg(2) = g(zo)l + 19 If (2) = f(20)]

Since f(z) is continuous at zy, then lim f(z) = f(z,). So there exist §; > 0 such that |f(z) — f(zo)| < 1
zZ-2Zy

whenever |z — z,| < &;

But |[f(2)| = 1f (zo0)| < |f (2) = f(20)]
“If @ =1fz)l <1
Or, [f(Dl <1+If(20)l
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Again since g(z) is continuous at z,, then lim g(z) = g(z,). So there exist §, > 0 such that |g(z) —
zZ-Zg

&
g(zp)| < Tl whenever |z — zy| < 6,.

Further Since f(z) is continuous at zy, then lim f(z) = f(zy). So there exist 63 > 0 such that |f(z) —
z—Zg
Gl < s
Let § = min (8;, 85, 63)
Sofor |z —zy| < 6
If(2)9(2) — f(20)g(20)| < (1 + |f (z0)D
~teise
|f(2)g(2) — f(z0)g(2y)| < € whenever 0 < |z — zy| < &
= lim f(2)g(2) = f(20)9(20)

That is f(z)g(z) is continuous at z,

—— whenever |z — zy| < 83

+19@) | 5=

&
2(1+1f (20l 2Ig( o)l

(iii) We get,

111 _19G) -9

lg() 9@l 19@)llg()]

Since lim g(z) = g(zy) # 0, so there exists §; > 0 such that |g(2z) — g(zo)| <
z-2,

lg(z")l W2 Efor |z — zo| < 6y

Again since g(z) is continuous at z,, then lim g(z) = g(zy). So there exists 62 > 0 such that |g(z) —
z-2Zg

|H(Zo)|

9(20)| < == whenever |z — z,| < 6,.

But g(zo) = g(Zo) -9@)+g(2)
9@l < 19(2) — g(2o)| + 1g(2)|
|g(20)| + |g(z)|

or 19(2)| > 5.9(z0)
1 < 2
or——<——
g1 192l
Let § = min (84, 92)
So for |z — zy| < § we get,

111 _ls@-g@)l 1
lg(2)  g(z0) gzl 9@l
< WEIE 2lg(a0)] = &

el —
9(2) g(Zu)
Therefore lim —

< & whenever 0 < |z — 75| < &
1

z—>20 (Z) 9(20)
That is — ( ) is continuous at z.
_f@.

So by (ii), f(2). is continuous at z,.

g(Z) 9(2)

Example: Show that f(z) = z?2 is uniformly continuous on lzl<1.

Continuity 10

Solution: We must show that for any & > 0 there exists a § > 0 (depending only on €) such that |f(z;) —
f(z,)| < € whenever |z, —2z,| < 8.

Here z, and z, are any two point in lzl<1.
Now, |f(z1) = f(2,)| = |z 73]
= |z1 + 23|21 — 73|
<{lzil +1zl}zy — 22| [ |21l <1, |z| < 1]
< 2|zy — 7|
<28 whenever |z, — z,| < &
Choose § = E, we see that |f(z,) — f(z,)| < € whenever |z, — z,| < &
Hence f(z) = z? is uniformly continuous in |z| < 1.

Example: Show that f(2) = éis not uniformly continuous on the region lzl<1.

Solution: If f(z) is uniformly continuous in the region |z| < 1 then for any & > 0 there exist a 6>0
(depending on ¢) such that for any two points z;and z, in the region, |f(z;) — f(z,)| < € whenever

|zy — 25| < 6.

. . 5
Consider § < 1. Choose two points z; = §; and z, = —.

1+e
Then |z, — z,| = 6—% —%<5
But, £ (z1) = f(z)] = |2 =2
_|1_&
“ls s
&
_E>£ [~ 6 <1]

This is contradiction. Hence f(z) = ~is not uniformly continuous on the region Izl<1.
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Differentiation

Lim  f2)-£(z)

exist and we write
Az > zy  z-2z

Definition: A function f(z) is said to be differentiable at a point z if

, _ Lim r@)-r(zp)
f'lz) =, >zy z-7

Here f'(z,) is called the derivative of f(z) at z,.
Ifweputz =2z, + Az
Asz - zythen Az - 0

Lim f(zo+Az0)—f(20)
7 _ 0 0 0
Then f'(zy) = Az > z, Az
Theorem: A function f(z) which is differentiable at a point is also continuous there. But the converse is not
necessarily true.

Proof: Suppose f(z) is differentiable at z,. Then,

Lim  f(2)-f(zp)

exist and a finite number.
Az - Zog z-2o

f'(zo) =

Now, £(2) — f(zy) = L2712 o (5 20)

zZ—Zg

Taking limit on both sides as z = z,

(2) — f(zp)
lim (£(2) — £(z0)} = lim {@ « (z—2,)
z-2Zy zZ-2Zgy Z— Zy

Lim f(z)—f(zu) Lim

T2z, 7z Xz—>zo(Z_Z°)

flz2)x0=0

Hence, Lim (@ = f(z)

zZ -2z
Thus, f(z) is continuous at zg.

To prove the converse, consider f(z) = |z|.
Here f(z) is clearly continuous at z = 0.

Lim f(o+Az)-f(0) _  Lim 5(az)-5(0)

But, Az -0 Az T Az>0 Az
_  Lim lazl-lol
T Az>0 Az
Lim
— Ax - 0 YETFER
Ay 50 Ax+iAy

Suppose Az = 0 along Ax = 0,Ay - 0
Then,

Differentiation 12

1imit—A£l;nOJm— Lim sy _1_
_Ay—>0 Ax+idy Ay - Qiay i

Suppose Az — 0 along Ax —» 0,Ay =0

Then,
it = Ax o JEEEE _ Lim ax
_Ayzo Ax+idy T Ax > 08x

Lim faz)-f(0)

. , .
Az o0 2 does not exist or f'(0) does not exist.

Since the two limits are unequal, so

Definition: Let f(z) be a function define on region R. Then f(z) is said to be analytic in R if it is
differentiable at every point of R.

Definition: A function f(z) is called analytic at a point z, if there exists a neighbourhood of z, such that
f'(2) exists at each point of the neighbourhood.

Example: Show that f(z) = |z|? is differentiable at z=0 but not analytic there.
Proof: Here f(z) = |z|?

— 2_
FO@ _ o

z—0

Then, lim,_,, —5

— i |z[?
= 1lmz_o =~

. 2z
=lim,_q =
=lim,,0z=0

Hence f(z) is differentiable at z=0

Choose any point z, # 0, and consider the limit:

[z + A2) = f(z,)
lim —mM8M8M8M8
Az—0 Az
|zo+Az|2—|zo|?
Az—0 Az

(xo+Ax)2+(yo+Ay)2 —(xZ +y2 ,
m —> Yooy (< +54) where, Az = Ax + iAy
Az—0 Ax+iAy

Zy = xo + 1Yo

_ 2x0Ax+2y,Ay+(Ax)%+(Ay)?
Ax—0,Ay—0 Ax+idy

Suppose Az = 0 along Ax = 0,Ay — 0, then

.. . 2x0Ax+2yAy+(Ax)%+(Ay)?
limit = lim i o =
Ax=0,Ay—0 Ax+iAy
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. 2yohy+(ay)?
= |jm 2V
Ay—0 iAy

. 2yptAy _ 2 .
= lim Mz%z—Zlyo

Ay—0 i

Again, let Az —» 0 along Ax = 0,Ay = 0, then

L. . 2x0Ax+2yAy+(Ax)2+(Ay)?
limit = lim Cohi ot 2
Ax—0,Ay=0 Ax+idy

. 2xoAx+(Ax)?
= lim —/————
Ax—0 Ax

= Alych—I»lo(sz + Ax) = 2xq

Az)— .
W does not exist.

Since the two limits are unequal, so lim
Az—0

Therefore f(z) is not differentiable anywhere other than zero or origin.

Hence f(2) is not analytic at z = 0.

Cauchy-Riemann equations (C-R equations): If f(z) = u(x,y) + iv(x,y) defined in a region R, then

%~ 2 and & = — 2 are called C-R equati

5% = o, nd 57 = — 5  are called C-R equations.

Theorem: Necessary condition for a function f(z) = u(x,y) + iv(x, y) to be analytic in a region R is that
v ou

N N
it satisfies the C-R equations ﬁ =—and —=

v .
% 3 = ox at each point of R.

Proof: Since f(z) is analytic in R, so f'(z) exists for each point z in R.

fz+Az)-f(2)

Hence lim,,_, -

[{ulx+Ax,y+Ay)—uCe,y)}+i{v(x+Ax,y+Ay)—v(x,y)}]
Ax+iAy

= 1imAx—»0,Ay—>0
Must exist independent of manner in which Az approaches zero (or Ax, Ay approaches zero).

Consider the path Ax = 0,Ay — 0, then

ulx,y+A y)—ulx,y)+i{fv(x,y+ay)—v(x,y)}
iAy

limit = limpy o

ulx,y+A y)-ulx,y) + lim v(x,y+Ay)—v(x,y)

1
=- lim
[y Ay Ay—0 Ay

_1ou o
_iay ay

Consider the path Ay = 0,Ax — 0, then

Differentiation

fimit = limay g ulx+Ax,y)-ulx,y) Filimg, g v(x+Ax,y)-v(x,y)

Ax Ax
_ou  0v
T ox : dx

Since f'(z) exists, above two limits must be equal. Hence

v .0u _ du . 0v

ay ay T ox ax
Equating the real and imaginary part from both sides we get:

u_ v g0 v
ax_ay ay_ ox

So C-R equations are satisfied.

Theorem: If w = f(z) = u(x,y) + i v(x,y) satisfy the C-R equations Z—Z = Z—; and g—z =
du du dv dv

n ial derivatives —,—,—,—
and partial derivat eSS 9y ox’ 3y

are continuous in R, then f(z) is analytic in R.

. ou ou .
Proof: Since P and 3, e supposed continuous, so

Au=ulx + Ax,y + Ay) —ulx,y)
={ulx +Ax,y + Ay) —ulx,y + Ay)} + {ulx, vy + Ay) — ulx, y)}

ou ou
= (—+81)Ax+ (@+n1)Ay

ox
O e+ L pyteax
= Gy hx + 5o by + eubx +mdy

Where &g > 0asAx > 0andn; - 0asAy -0

Similarly, since Z_Z and Z—; are supposed continuous, so
v v
Av = <a+ sz)Ax + (£+n2>Ay
av v
= —Ax + —Ay + &Ax + Ay

dx dy
Where e, > 0as Ax - 0andn, - 0as Ay - 0
Hence, Aw = Au + iAv
du , .9 d .9 . .
= (i + zé) Ax + (i + L%) Ay + (g + ig)Ax + (ny + iny)Ay

ou . 0v ou . 0v
= (a+l§)Ax+($+LE)Ay+£Ax+17Ay
Where e = & +ie; > 0asAx —> 0

And n=mn,+in,>0asAy—0

14

ov . .
——in aregion R
o D aregio
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ou . 0v v . o0u
= (5+ la)Ax-l— (—§+15)Ay+sAx+nAy
= (24 i) ax + i (4 iZ) Ay + eax + 8y
ax ax ox ax

LA —(a”+'a”)(A +iy) + eAx + A
wBw = (o=t io-) (Ax +idy) + edx + ndy
ie, sz(g—:+ig—z)Az+£Ax+17Ay ‘WhereAzzAx+iAy

CAw <6u+ ,8v>+sAx+17Ay
"2z \ox T ox Az

. A A .
Notice that, |% = el |A_j| < |el as |Ax| < |Az|, which tends to zero as Az = 0

. . eAx
ie., llmAz_,OE =

o . A
similarly, lima,_¢ % =0

eAx+nAy 0

So, limpz0 —

Hence, lim 2 = 2% 4 ;2%
> Az0 Az 9x ax

Therefore, ‘;—j = f'(2) exist at each point of the region R, and hence f(z) is analytic in R.

Sf(g) = Oy _dv L ou
NOte'f(Z)_ax+lax_ay i,

Note: If f(z) = u + iv is analytic then

Ju _ 9v ou _ v
ax ay ay - ox
0%u _ 9%v 0%u _ %y
ax2  dxdy ayz ~  9xdy
a%v a%v o%u | 9%u 2%u  9%u
Therefore for ic tion —— = —+—== jon — +-—=01is c
herefore for analytic function oy — apax Y Gz + 372 0 and the equation =t 352 0is called

Laplace’s equation.

Definition: A function which satisfy Laplace’s equation is called harmonic function.

Note: So u is called harmonic function, similarly v is called harmonic function. u is called harmonic
conjugate of v and v is called harmonic conjugate of u.

23 (1+D)-y3(1-i) atz+0
Example: Show thatf(z) = { xzryz 427 Vg continuous everywhere. Also show that the C-R
Oatz=0

equations are satisfied at origin, but is not analytic there.
Proof:

Partl:

Differentiation

Letf(z2) =u+iv

Now forz # 0
3 . 3 ;
B¥A+D)-y3A -0
f@) = 2 yz
x“+y
B3y x4y
= +i
xZ + y2 x2 + yZ
3_4,3
aulx,y) = i2+§:2 where (x,y) # (0,0)
=0 at(0,0)
3 3
~vlx,y) = ;32 where (x,y) # (0,0)
=0 at(0,0)

It is clear that x3 — 3, x3 + y3,x? + y2are continuous everywhere.
So for z # 0 both u and v are continuous.
Hence f(z) is continuous for all z # 0.

Now for z = 0, choose € > 0, then

16

x3—=y3  Ix—yllx? + xy + y?| X +y?
Iu(x,y)—0|=|2 y2|= Y= T2y =Xy
|22 + y2| lx2 + y2|
2 2
lx-yl 2|x2+y2| =xt+yt=xy
|x2+y2|
v el + Iyl < VZIx + iyl
=2lx -yl Y Y
_ T 7
S2(|x|+|y|)54\/x7+yz V2 ty
=2\/x7+;v2

Consider, § = Z, then

[uCx,y) — 0] < 4.% whenever \/Wyz <6

ie, lulx,y)— 0l < e whenever |(x,y) - (0,0)] <&
Hence, limy y)-,(0,0) u(x, ) = 0

i.e., u(x,y) is continuous at (0,0)

Similarly v(x, y) is continuous at (0, 0)

Hence f(z) is continuous at z = 0

There f(z) is continuous everywhere.

Part 2:

Now we get,
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a_u| - lim u(Ax,0)-u(0,0) _ lim (Ax)3
axlg - Ax—0 Ax - Ax=0 (Ax)2pax
au| . u(0,Ay)-u(0,0) . -(ay)? _

— =lim — = 1lim —_— -
ay 0,0 Ax—0 Ay Max-0 (Ay)sz

@| - lim v(Ax,0)-v(0,0) _ lim @ax)3 1
ax 0,0 - Ax—0 Ax - Ax—0 (Ax)2Ax -

ov . v(0,Ay)-v(0,0) . (ay)3

— = lim ————— =lim —_— = —
aloo Ax=07 ay Max~0Gayy2ay =

Ju ov du v
ThuSa —5&11(15 = —a
Therefore C-R equations are satisfied at (0, 0)

Consider lim,_, M

x3(+)-y3(1-i)

= lims0y-0 Gz B G

Let z — 0 along x=0, y — 0. Then
-y*1-9 . i-1 i-1

limit = lim e =lim—=——=1+1i
y>0  y2(iy) y-0 i i

Again let z — 0 along y=x. Then
31+ —x3(1-10)

e L Ati-14i
it = 2x2(x + ix) = 20+1)  1+4i

Since the two limits are unequal so f'(0) does not exist.

So f(z) is not analytic at z = 0.

x2y8(x+iy) h £0

Example: Show that f(z) = { xhryz Wnenz is not analytic at origin (0, 0), but C-R equations are
0 whenz =0

satisfied there.

Solution: Consider lim,_, @

6,2 i
. yox4(x+iy)
= lim —_
X20.Y20 (x41y12) (x+iy)

Consider the path y=mx, then

l i mOx® i mox*
imit = lim————— = lim———— =
x50 x4+ ml2x12  x501 + m12x8

Again consider the path x? = y®. Then

Differentiation 18

y12 1
limit = llm W E
Since the two limits are unequal so f'(0)does not exist and hence f (z) is not analytic at origin (0, 0).

Let f(z) = u + iv. Then

3 6 x2
w= x4+y12 when (x,y) # 0 v [X4+y12 when (x,y) # 0
Oat (x,y) =0 Oat(x,y) =0
Now
ou ulx,00 —u(0,00 .~ 0-0
im = lim =0
ax 0,0) = Axs0 Ax Ax—0 Ax
ou . u(0,y)—u(0,00  ~ 0-0
- = lim = lim =0
ay (0,0) Ay—0 Ay Ay—0 Ay
v v
Similarly we can show that — = — =0
oxloo  9vlgo
Hence, 2% = % qng 2 — _ v
ence, 7= = 2-and 25 = — ==

i.e., C-R equations are satisfied at (0, 0)

Example: Show that f(z) = 2x + ixy?Zis not analytic at anywhere.
Solution: Let f(z) = u + iv, then
u = 2x,v = xy2. So,
o v o
dx 'dy ox
Henceg—; * —z—: wheny # 0
i.e., C-R equations are not satisfied for any z # 0.

ou v
More over at z = 0, —ia

= f(2) is not analytic anywhere.

Example; Let u = 3x2y + 2x% — y3 — 2y2. Show that  is harmonic and find its harmonic conjugate v.
Then findf (z) = u + iv in terms of z.

Solution: Here u = 3x%y + 2x2? — y3 — 2y2

6u_6 +4
ox YT
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6u_

3x2—-3y2—4
dy X y y
0*u =6y+4
ax2 Y
0%u C ev2_a
ay? y
0%u |, 9%u
Hence ﬁ + W =0
i.e., uis aharmonic function.
. du v Ju ov
Now by C-R equations oy and = ox
? ov =6xy+4
oo ay = xy X
v =3xy? +4xy + F(x)
av

Z 3y 4y + R
=3y +dy+ (x)

= —3x2+3y?+4y=3y%2 +4y + F'(x)

= F'(x) = —3x?

=>Flx)=—-x3+C

» v = 3xy? + 4xy — x3 + C, the harmonic conjugate of u.

Now, f(z) =u +iv
= 3xy? +2x2 —y3 — 2y2 + i[3xy? + 4xy — x3 + C]
= 2{x? + 2xiy + (iy)?} — i{x® + 3x(iy)? + 3x2iy + (iy)%}
=2(x+iy)?—ilx+iy)® +iC

=2z2—-iz3+iC

Example: Show that u = x3 — 3xy? + 3x2 — 3y? + 1 is harmonic. Find the analytic f(z) = u + iv in
terms of z.

Solution: Here u = x3 — 3xy? + 3x2 — 3y2 + 1

N — 3x2 — 392 + 6x = ¢, (x,y) say

ax

0%u

W=6x+6

Differentiation 20
0 vy — 6y = 0, (x,y)
ay = —bxy Y = @2\X,y) say
0%u
a—yz =—6x—6
Hence 2% + 2% — 6x + 6 — 6x — 6 = 0
ence —— 32 = X x =

i.e., u is a harmonic function.

Now by Milne’s method.

f'(2) = 0,(2,0) —ip,(z,0) = 322 + 6z — i(0) = 3z% + 62

W f(2)=234322+C

Example: Show that an analytic function of constant modulas is a constant.
Proof: f(z) = u + iv

~ If @] = VuzFv% = V& # 0(constant) (1)

Differentiating (1) with respect to x we get,

v _ 0 (2)

Pl

ou v ou
Zua'f— 2va— 0 $U£+U
Differentiating (1) with respect to y we get,

(3) [ By C-R equations]

Squaring (2) and (3) and adding we have,

(u? +v?) (2—1;)2 + (u? +v?) (Z—z)z =0

= (u? +v?) [(g—Z)Z + (3_;7)2] =0

-3+ =0
= |f'@2=0
ie, f'(z)=0

[« (u? +v?) # 0]

« f(z) = constant
a2 | 9% . . .
Example: Show that (ﬁ + W) |[f(2)|2 = 4|f'(z)|>when f(z) is analytic functions.
Solution: Let f(z) = u + iv. Then,

lf D% =u? + v?

u av
—+2v—

d
.2 2 _
T ox If @I 2u 0x dx




Differentiation

a2 2 o (0u)? av\? a2u a2y

@R =2(2) +2(2) +2ult+ 2w 22 )
Similarly,

+ 2v

617)2 0%u 0%y
dy? dy?

(2) [ By C-R equations]

= (6_u)2+2(z_z) +2uﬁ+ ZUW

From (1) and (2) we get,

(Z+ ayz)lf(z)|2=4[( ) +(Z—Z)2]+2 (ﬁ+m)+2v(%+%)7(3)

As both u and v are harmonic so,

9%u | 9%u %v 9%
du du_ and 2y 2oy
ax2z = 9y? 9x2 + dy?

(% o ) F@I2 = 4[(3’;) ; (3—;’)] = 41|

2 a 2 02
General Formula: Show that —+ P 4ﬁwhere z=x+1iy prov1ded 7y — oy0x

So from (3) we get,

Solution: We have z = x + iy, Z = x — iy

1 B 1 N
x—z(z+z) y—z—i(z—Z)— 2(2 z)
.6x_1 ax_l
Tez 2" 0z 2

dy i dy i
-2 ez 2
a aax 6 By
E 8xaz 6yaz

S1(2_2)
2 \ox ady

o _00x ia_y_l(i -i)
And, o =59z Tayaz 2\ T oy
A 1(6 ,a>1(a+,a)
“9z0z 2\ax ‘ay/2\ax T'ay
_1(o* @
T 4\9x2 ' 9y?
92 92 92
“ow T o T Yoz [Proved]

21

Differentiation 22
2 | 92 . . .
Example: Show that (m + m) I[F DIk = k2|f(2)|*72|f (2)|? where f(z) is analytic function.

Solution: We get,

(az >| DIk = 42 (1)1
0_+ f(z 406"fz 2

1 T
v f(2) = f(2) as f(2) is analytic

"5 Fn

5207

- 4%{f(z)’z‘ IOIG)
413 OO >f @i (D)

k2 f(z)"z;zf(z—ﬁf'(z)f'(z-)

- R FD) 7 I DI

= k2|lf(DI*2|f'(2)|*> [Proved]

Definition: A Point at which a function f(z) is not analytic or fails to be analytic is called a singular point
or singularity of f(z).

Definition: A singularity z, of f(z) is called a pole of order n if lim,_,,,(z — zy)™f (2) exist and # 0.

For example,

z2+3
If f(Z) = G then

z = 2 is a pole of order 3 of f(z).
z=-3 is pole of order 1 of f(2).

Definition: A singularity z, of f(z) is said to be isolated singularity if there exists a neighborhood N of z,
which contains no singularity other than z,.

Definition: A singularity z, of f(z) is called a removable singularity if lim,_,, f(z) exists.

For example,
sinz
fz2) =—
z = 0 is a singular point.

sinz

But llmz_,o =1
Therefore z = 0 is a removable singularity.

Definition: A singularity z, of f(z) which is neither a pole nor an isolated singularity is called essential
singularity.
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1
For example, f(z) = ez has an essential singularity at z = 2.
Definition: A point z, is called a singularity at infinity of f(2) if z, is a pole of order m of f G)
Definition: A function f(z) has a singularity at infinity if f (%) has a singularity at w = 0.

For example,

f@=2ur (D)=

Here w = 0 is a pole of order 3 off( )

1
W

Hence z = oo is a pole of order 3 of f(2).

Complex Integration 24

Complex Integration

Definition: let f(z) be continuous on a curve C of finite length. let us divide the curve by the points,

Now for the sum, S, = Yp=1 f(fk)AZk

where Az, =z - zx.; and & is any point on the
curve between zj,_q and zy.

Let us increase the number of sub division in such a
way that the largest of the chord length 1Azl
approaches to zero . Then S, approaches to a value
which is known as complex line integral of

f(2) along C denoted by [ f(2)d z or f:f(z)dz e, [ f(z)dz= nLTx(Zzzl fE)Azy)

property of complex integration:

—_

@+ g@)dz= ], f(dz+ ], g(2)dz

. kf(@dz=k [ (2)dz

- [P@dz=~ [ f(2)dz

P f@dz= [ f(2)dz + [1 f(2)dz

| fc f(2z)dz| < ML where k is the length of the curve c and |[f(2)| <M zeC

LI S

Proof of (5) : by definition [, f(z)dz = nLToc(ZZﬂ FE)AzZy)

Now, [Xio1 F(E)AzZ| < Xii|f(g,)| 182,
<MYP, |0z
< ML

As Y3—1 |A Zy| is the sum of all chord length which must be less than the length of the curve. Taking limit
on both side as n tends to infinity we have by definition

|f f(2)dz| < ML

Definition: A closed curve which does not intersect itself is called a simple closed curve.
Definition: A region R is called simply connected region if every simple closed curve in R can be shrank to
a point without leaving R . Otherwise R is called multiply connected region.

Greens Theorem: If P(x,y) and Q(x,y) are continuous and have continuous partial derivatives inside and
5Q

on a simple closed curve C Then [ Pdx +Qdy = [f, (g - g—i) dxdy where R is the region bounded by
C.

The theorem is valid for both simply and multiply-connected regions.
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Example : Prove Green’s theorem in the plane if C is a simple closed curve which has the property that any

straight line parallel to the coordinate axes cuts C in at most two points

Proof:
Let the equation of the curve EGF and EHF be y = Y;(x) and y
y = Y,(x) respectively then,

[, @Edyydz=[L_|I effwdy]dx

_f Y2 (%)
fx eP(x y) |y Y1(9C)

= [7[P(x, Y) — P(x, Y;)]dx

Qe

:fefP(x, Y,)dx —fefP(x, Y))dx
= fefP(x, Y))dx — f;P(x, Y,)dx

——ﬁde

c

Then, _cﬁc Pdx = ffR dxdy ------- D

Now let the equation of the curve GEH and GFH be x = X;(y) and x = X,(y) respectively

Thus, ff dxdy f [ XZ;’ iz ]
= [10Ge2y) — Q1. )]y
= [} QG y)dy + [ 0, y)dy

=4 Qdy

Then ¢ Qdy = [f g—gdxdy ------------------ )

Adding (1) ,(2) we get ,

jgpdx+ Qdy—ff 6Q Sp dxdy

Example : Verify Greens theorem in the plane for

y
jg(ny —x2)dx + (x + yH)dy
Where C is the closed curve in the region bounded by
y =x?and x = y?
Solution: Here P = 2xy — x? and Q = x + y?2. The plane
0

c ({8

~————

curves y = x? and x = y? intersect at (0,0) and (1,1). The
positive direction of the curve C is as shown in the figure.
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Along y = x2, the line integral
I = [_ (@0 - xPdx + {x + (¢3)?}d(x?)
:f01(2x3 +x% + 52)dx:%
Along y? = x, the line integral
L= 2010 - ()36 + {2 +y2dy

=[/(4y* — 2y" +2y2)dy———

1

So the Line integral =g 7% . On the other hand

[l G2 = 3Ddxdy=[f, G (x +¥?) = 35 (2xy — x*)dxdy
=ff, &@- 2x)dxdy
=, f (1= 2x)dydx
=f,_ O(y 2% dx
—[ (2 - 2x3 — 22 + 2x%)dx

1

30
Hence the Green’s theorem is verified.

Example : Extend the proof of Green’s theorem in the plane to the curve C for which lines parallel to the
coordinate axes may cut C in more than two points
Solution : Consider a simple closed curve C such
as shown in the figure in which lines parallel to
the axes may meet C in more than two points. By
constructing line ST, the region is divided into
two regions R; and R, whose boundaries are
STUS and SVTS respectively which are of the
type that any straight line parallel to the
coordinate axes cuts C; and C, atmost two points
and for which Green’s theorem applies, i.e.

50
$syrpdx+ Qay = [, (- ©

Z—Z) AXAY .ot (D)
Sﬁsvrs pdx + Qdy = ffRz ( gZ) AXAY. oot 2)

Adding the left-hand sides of (1) and (2), we have, omitting the integrand Pdx + Qdy in each case.

[« J=] ] ]+]=]+]-]

STUS  SVTS TUS SVT sVs  SVT  sUSVT
using the fact that using the fact that [, = — [,
Adding the right-hand sides of (1) and (2), omitting the integrand,




Complex Integration 27

[+

fpdx+ Qdy—ff 6Q 6p dxdy

Then

and the theorem is proved.

NB: We have proved Green’s theorem for the simply-connected region bounded by the simple closed curve
C. For more complicated regions, it may be necessary to construct more lines, such as ST, to establish the
theorem.

Green’s theorem is also true for multiply-connected regions.

Theorem (Cauchy’s theorem) : If f(x) is analytic inside and on a simple closed curve C and if f'(z) is
continuous Then

§ f(2dz=0
Proof. Letf (z) =u+iv
Then f'(z) = —+ g
5u . 6v .
=5 15 [by C-R equation]
Su v Su v
Here u, v, — 5%’ 5% "5y 5y were all continuous

hence §, f(2)dz = ¢ (u+ iv)(dx + idy)
=¢ (udx —vdy) + i§ (vdx + udy)

v 8 ) 5
= ffR (—é—i) dxdy + LffR (é - —) dxdy
=0 [by C-R equations]

Where R is the region bounded by C

Theorem : (Cauchy’s fundamental Theorem) :

If f(2) is analytic inside and on a simple closed curve C then gﬁc f(2)dz = 0.
Or,
If f(z)dz is analytic in a region and on the boundary bounded by a simple closed curve C Then

$ f(z)dz = 0.
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Theorem : Prove Cauchy theorem for a triangle .

Proof : We know that if C is a simple closed curve then (i) fﬁcdz =0
and (i) $ zdz = 0

Let f(z) is analytic inside and on triangle ABC denoted by A. We
need to prove that, 55 A f(2)dz = 0.Let D, E, and F are the middle
points of BC , CA , AB Respectively. Join DE , EF , and FD then we
obtain four triangle A;, A, Ay; and Ay,.

Now ,

$f(2dz=$, f(2)dz+ $p f(2)dz+ 0 f (2)dz

=('rEAF-i_ fFE)+(fFBD+ fDF)+(fDEF+ J‘ED)+
(fEF+ fFD+fDE)

[ Jeg=—J ]
:fAi+ fAii+ fA“‘+ fAiv

iii

= |IAi f(Z)dZ| + |fAii f(Z)dZ| + |fﬂiii f(Z)dZ| + |fAivf(Z)dZ|

Let A; represents that triangle above four so that | f af (Z)dz| is the largest ( if these are more triangles

Hence ,

with these property then we can choose any one of them A;)

Thus, |[, f(z)dz| < 4 |fA1 f(z)dz|
Now joining the midpoints of the triangle A; and proceeding as above we obtain a triangle A,
Sothat |[, f(2)dz| < 4 |fA2 f(z)dz|
Proceeding similarly we obtain a sequence of triangle {A,}
Suchthat, A> Ay > Ay >...........
And |fA f(z)dz| < 4" |fAn f(z)dz|
Then there exist a point z, such that z, € A, foreach k = 1,2, .....n.
Lim  r(z)-F(zy)
zZ-2Zy Z-Zo
Therefore as f(z) is analytic at z, then for any € > 0 there exist § >0 such that
f(2) = f(z,)+f(z0) (z — 2z9) +n(z — zp) ; where |n| < € whenever |z — zy| < §
[y f@dz = f(z0) [, dz +f'(20)f, (z—z20)dz + [, nz— z,)dz
=[,nz— z9)dz ; by (i) and (i)

Now forany zon A, |z —zy| < —; where p is the perimeter of A.

We know that f'(z) =

Now In(z = z0)| = Inll(z = z0)| < & 7.

Choose n sufficiently large so that % <4d.

Then UMWZ(Z — 2zy)dz | < s:—nzp—n ; when ever |z — z,| < ;—n <é

Thus |f f(z)dz| < i ; when ever |z — 7| < Zp—n <6
Therefore | [, f(z)dz| < 4™ |fAn f(z)dz| < ep?

Since ¢ is arbitrary so |[, f(2)dz|=0 ie. [, f(2)dz=0
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Ex. Prove Cauchy’s theorem for a polygon.

Proof : Let ABCDEEF be a polygon. Suppose f(z) is analytic inside and on the polygon .we need to prove
that [, - f(z)dz=0.Join AC, AD, AE then

fABCDEFf(Z)dZ=fABC+ fcu+ fDE+ fEFA A f
:(fABC + fCA)+(fCD +fDA + fAC)+(fDE+ fEF + fAC)
+( fEFA + fAE) £
=fABCA+fCDAC+fDEAD+fEFAE =0+0+0+0 =0. -
[ As the Cauchy’s theorem holds for triangle] 5 D

Ex. If f(z) is a analytic inside and on the region bounded by C; and C, as shown by the figure. Then
$. f(2)dz = §, f(2)dz
Proof : Let ABCDA represent the curve C; and EFGH represent C,.
Construct a cross cut AE then AEHGFEABCDA becomes a closed curve.
Moreover f(z) is analytic inside and on the region. Then by Cauchy’s
theorem
J ascreascoa f(2)dz = 0

= fAE + fEHGFE + fEA + fABCDA =0

= §.,f(Ddz ~ §,, f(2)dz=0

o $. f@)dz = §, f(2)dz

Ex : Suppose f(z) is analytic in a simply-connected region R. Prove that f; f(2)dz is independent of the
path in R joining any two points a and b in R.

Proof: Consider the two paths C; = ADB and C, = AEB from a to b in R as shown by the figure. Now we
have to show that

[e, f(@dz= [ f2)dz
Clearly AEBDA is a simple closed curve in R Then by Cauchy’s
theorem

fAEBDAf(Z)dZ =0

or, fAEB f(2)dz + fBDA f(z2)dz= 0
or, fAEB f(z)dz — fADB f(2dz=0
or, fcz f(2)dz — fcl f(zx)dz= 0
or, f(2)dz = fcz f(2)dz
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Cauchy’s Integral Formulas and Related Theorems

If f(z) is analytic inside and on a simple closed curve C and a is any point inside C. Then,

_ 1 f@
f(@ —ﬁfc .
f@

Proof: Construct a circle T inside C with centre at a and radius r. Then — is analytic inside the region
bounded by I' and C and also on the boundary. Then by cauchys theorem for simple connected region we get

$. gdz =4 %dz .......................................... @
Now onT
|z—al=7r
ie.,
z—a=re?
ie.,
z=a+re® =>dz=ireds where 0<6<2m
Hence ”
2n .
r %dz :OJ- f(ar:;e—w)ire”’ de )

ie., @

2m
jgc %dz = if fla+ re®)de [by ()]
0

Taking limit on both sides as r — 0 we have
f(2)

c Z—a

21
dz = ilimj f(a + reig)dB
-0 J,

= ifozn lim, o f(a+7e®)do [as f(2) is analytic]

= ifOZTr lim,_, f(a)dé [as f(2) continous at a]

= 2mi f(a)
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Hence
1 f(2)
fla) = 2mi z— ad
0 if a is outside C
Example. Show that§ -a {Zm if a is inside C

Where C a simple closed curve.

Solution: If a is outside C thenﬁ is analytic inside and on C. So by cauchys theorem

dz
f =0 [proved]
c z—a
If a is inside C, then put f(z) = 1
Then by cauchys integral formula
1 f(@)
=— d
f@ 2ni ), z—a
i.e,
1 dz
T 2ni), z—a
i.e,
dz .
f = 2mi
c z—a
Theorem: If f(z) is analytic inside and on a simple closed curve C and a is any pint inside C, Then

f(2)
211'1% (z a)2

Proof: Choose a point a + h inside C. Then any cauchys integral formula

31

L[ @ |
f(a+h)_2mf z—a—hdz
And
L f f@

f(a)=—.

2niJ, z—a
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Now

f(a+h)—f(a)_if( 1

h Themi), \z—a—h

%a) f(2)dz

h
= h2mi B (z—a—h)(z—a)f(z)dz

(z-a)

2m§ (z—a—-h)(z- a)zf(z)dz

—h)+h
me (Z—a—h)(z— 2 f Pz

_ 14 S@ ks hf@)

2ni 7C (z—a)? 2ni 7C (z—a-h)(z—a)?

Construct a circle T inside C with centre at a and radius 7. Choose |h| small enough so that a + h lies inside T
and |h| < g Since f(z) is analytic inside and on C. So |f(z)| < M for some +ve integer M. Now on T,

|z—al=71

ror
Z—a—h|2|z—a|—|h|>r—5=—

2
Hence
1 h f(z) dz 1 h f(z)dz | 1 |h|M 5
2mi ), (z—a—h)(z—a)z_Zmi (z—a—h)(z—a)|< rrz ™
2M|h|
=———->0 ash-0
r
Hence
fla+h)—f@ 1 f(2) dz
Hm h ~ 2mi (Z—a)2+0
ie.,
(@) :L. f(z) dz

ZmCm

(Proved)
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Cauchys general integral formula: If f(z) is analytic inside and on a simple closed curve C and a is any point
inside C. Then

(@) = n f@

——— d
2mi ), (z—a)™*t “
Proof: We use the method of induction. The formula holds for n = 0 [cauchys integral formula]

By the preceding theorem this formula holds for n = 1 ( AFBI IS (FT0e 2[)

Suppose the formula holds for formula holds for n = m — 1. Then

o1, _ (m—a)! f@
@) = f s
Choose any a + h inside C then
ffa+h)-f""a) (m-1)! 1 1
h = h2mi £ {(z—a—h)m_(z—a)m}f(z) dz
_(m-1)!

1
T h2mi jgc (Z—a)m(l—ﬁ)m_(z—a)m f(z)dz

B (n;lz_”:)!ﬁ {(Z —1¢1)m [(1 z f a)]_m - 1}f(2) d

(m-1)! 1 mh  m(m+ 1)h?
T T h2mi i(z—a)m[l-l-z—a 2! (z —a)?

+ .-+ higher power of h — 1] f(2)dz

_(m—l)! m mim+1)h
T h2mi £ {(z—a)m+1 2! (z — a)m+2

+ -+ + higher power of h}f(z)dz

Taking limit on the both side as h—0 we get

I " Ha+h) - ")
im
h—=0 h

m(m+ 1)h

=i (m—1)!j£ LSS + - high h{f(z)d
TN 2w c (=)™ 21(z — a)m*? igher power of hy f(z)dz

f@)
g @)z

" _(m-1)!
f@ = 2mi i(z
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m! f2)
™a) =z—=¢ —————dz
fm@ 2ni ). (z—a)mtt
i.e., the formula holds for n=m. Hence by the method of inductions the formula holds for all +ve integer n.

Cauchys inequality: If f(z) is analytic inside and on a circle C with centre at a and radius r and if
|f(2)] < M on C. then

n Mn!
<
Proof: By Cauchys general integral formula
n! f(@
n - -
f*(@) 2mi ), (z—a)r? dz
Hence
n! f@ n! M
n = |— _— < — 2
|f (a)l 2mi A (Z_a)n+1 d _ZTTTn+1 r

[~ length of C = 2mrandon C,(z — a) =7,|f(2)| < M]

Iff (@)l < 7:—:, [Proved]

Gauss mean value theorem: If f(z) is analytic inside and on a circle C with centre at a and radius r, then

fla) = ifoznf(a +rei?)do

Proof: By Cauchys integral formula ¢
1 z
f@=559 T
OnC,
z—a=re®
i.e.,
dz = ire®® do
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(@ = 1 fznf(a +rei®)ire®ds
@)= o retf

1 2@ .
=5 ) f(a+relg)d9

Example. If in a region R, 566 f(z)dz = 0 for every simple closed curve C.Then for any two points a,b € R .

f: f(2)dz is independent of path in the region.

Solution: Let A = a and B = b two points in the region and let ACD and ABD be two paths on the region from
A to B. Then ABCDA is a simple closed curve in the region. By the given
condition

Bb
f f(2)dz=0
ABCDA C

Or, fADB + fBCA =0

LDB fBCA J1‘41(,‘3

Hence f; f(z)dz is independent of the path in R.

Moreras Theorem (converse of Cauchys theorem): If f(z) is continuous on a simple connected region R and

if 996 f(2) dz = 0 for every simple closed curve C in R. Then f(z) analytic in R.

Proof: Fix a point a in R.

For any z € R, we define

F(2) =f fw) du

a

Choose z+ Az inR.Then

z+Az

F(z+Az)=J f(w) du

a
Now

F(z+Az)-F(z) _
Az

F@= {17 f ) du — [ Fu) du} - £(2)
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{7 fQ) du+ [7 f) du} - £(2)

=L {I0F Q) du+ [7 F () du +} - £(2)
=™ f@) du - f(2)
= Al_z fZZ+AZ(f (w) — f(z))du [Here z is constant and u is

variable]

¢Z+Az

Since gﬁc f@)du = 0 for all simple closed curve C in R. So {f(w) — f(2)} isindependent of path in R

so long as the path inside R.

z

So we can choose a path as a straight line. We also choose |Az| sufficiently small so that the line z to z 4+ Az
lies in R. Since f(u) is continuous at z, So for any u on this straight line and any € > 0 There exist a § > 0
such that

|f(w) — f(2)| < € whenever |[u —z| < &

Which will certainly hold if |Az| < §.1i.e., |f(w) — f(2)| < &€ whenever |Az| < §

Hence
F(z+ Az) —F(2) NEN £
- f(Z)| - ‘E [ oo - renau] < 10l
=¢ whenever |Az| < §
F Az) — F
i.e.,
F'(z) = f(2)

. F(2) is differentiable at every point z in R. Hence F(z) is analytic in R and so F'(z) = f(2) is analytic in R.

Maximum modulas theorem: If f(z) is analytic inside and on a simple closed curve C.Then the maximum
value of |f(z)| ocuurs on C unless f(z) is a constant.

Proof: Since f(z)is analytic and hence continuous inside and on C, it
follows that |f(z)| has a maximum value M for at least one value of z
inside or on C. Suppose this maximum value M not attained on the
boundary of C but it is attained at an interior point a, is |f(a)| = M. Let
C; be a circle inside C with centre at a enclosing the point b such that
lf ()| < M.
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Suppose |f(b)| = M — & where € > 0

Since |f (z)] is continuous at b.Then for € > 0, there exist § > 0 such that

€ € €

||f(Z)|_|f(b)||<E=M_€+E=M_E whenever |z — b| < §
Construct a circle C, inside C with centre at b and radius §. then for all z inside C,

€

f@l<M-3

Now construct a circle C3 with centre at a and radius = |a — b|. Then by gauss mean value theorem
1 2 .
fla) = —f fla+ re‘g) do
2m J,

1 (¢ 0 1 (% 0
—_—— 4 — i
_an;f(a+re )d9+2”L fla+re®)ds

i.e.,
If@) < o= fy1f(a +re®)|do +— f“ﬂf@z+rewﬂde
ie.,
If(@)] < i(M —g)a+%(2n—ot)
-M Ea
= T
ie.,

Ea
= < _—_—
f@l=M<M-=
which is a contradiction. Hence the maximum value of |f(z)| must occur on C.

Liouvilles Theorem: If f(z) is analytic and bounded in the entire comple plan then f(z) must be a constant.

Proof: Let a and b be any two points in the complex plane. Construct a circle C with centre at a and radius r
enclosing b. Hence f(z) is analytic inside and on C. So by Cauchys integral
formula

F6) - 1@ =34 (ﬁ—zfa)ﬂz)dz

Zm)g (z— a)(z Gooa-pn @
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Choose r large enough so that |a — b| < g

ThenonC, |z—a| =7 and
ror
Iz—bI=I(Z—a)—(b—a)l2|Z—a|—|b—a|>r—5=5

Also f(2) is bounded, so |f(z)| < M for some +ve number M.

Therefore,
1 b-a) 1|b—alM 2M|b — a|
F )~ f(a)] = jﬁ Taa-p® Sz =
ie.,
IF®) - f@l <22 5005 100
Hence

fb) = f(a)
i.e., f(2) is constant.
Definition: A number « is called a zero of a function f(z) if f(a) =0
Example: If f(z) = z® + 5z + 6 then z = 2,3 are zero of f(2).
Definition: « is called a root of a polynomial equation f(z) = 0if f(a) =0

Theorem: Every polynomial equation P(z) = a,z™ + a,_1z"" 1 + -+ ag = 0 here n =1 has at least one
root.

Proof: Suppose the equation has no root. Then P(z) # 0 for all complex number. Then f(z) = —) is analytic

on the enire complex plane. more over f(z) is bounded for all z. In fact |f(z)| tends to zero as P(z) —c.
Hence by Liouvilles theorem f(z) is must be constant i.e., $ is constant and so P(z) is constant. But this is a
contradictionasn > 1

Therefore the equation has at least one root.

Argument Theorem:; If f(z) is analytic inside and on a simple closed curve C except for a pole at a of order p
and only one zero at 8 of other n inside C. Then
17 f@
2ni ), f(2)

dz=n-—p
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Proof: Construct two circles C; and C, with centre at @ and f§ respectively so that they lie insde C and they do

not intersect each other.

Then % is analytic in the multiply connected region bounded by C;,

C, and C. So by cauchys Theorem for multiply connected region

1 1
1 f@, 1(f@, _1(f@, _,
2ni ), f(2) 2mi ), f(2) 2ni ), f(2)
§ f’(z) _ fr (Z) fﬁ f’(Z)
2mi 7C f(z) ~om Cy f(z) Zm Cz f(z)

Now for C;, f(z) has a pole at z = a of order p. Then

F@) =2 (i)

(z-a)P
where F(z) is analytic inside and on C; and contain no zero inside and on C;
Taking logarithms (ii) on both sides we get
log f(z) = log F(z) — p log(z — &)
Differentiating both sides we get

f@_F@  p
f@&) F@ z-a

Hence
1§ LD gLy PDy, P Az
2mi 7Cy f(z) 2mi 7Cy F(2) 2mi 7C1 z—-a
0 P 2mi
=0—-—.2mi
2mi
=P

For C,, since f(z) has a zero at 8 order n. so
f@) =@ —=P)"G(2) e ee e e e e (D)
where G (z) is analytic, continuous, no zero inside and on C,.
Taking logarithm on both side of (iii) we get
log f(z) =log G(z) + n log(z — B)

Differentiating both sides we get

We know

fl@=-—¢ L2aq

2mi (z— a)

Put f(z) = 1, then
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f@_GC@, n
f@ 6@ z-B

Hence
1 f’(z) 1 G'(2) + n dz
2mi g, f(z) ~ 2m ¢, G(2) 2T omi c, 2~ B
=0+ " 2mi
T
=n
Therefore form (i)
ro_
2mi f(z)

N.B.: Similarly we can show that if f(z) is analytic inside on a simple closed curve C except a finite number of
poles at a1, .. a; inside C of order py, p,, .. pr respectively and if f(z) has zero at §1 82, . . . ,Bsinside C of

order my,ny,...ngrespectively then
1 f’(z)
— Pp;
2mi J. T ¢ Z"‘ Z
1=

Corollary: If f(z) is analytic inside and on a simple closed curve C except a pole at a inside C of order p and if
f(2) has zero at f inside C of order n then for any analytic function g(z) inside and on C

1 f'(z)

Proof: Constant two circles C; & C, inside C with centre at @ & [ repectively so that they do not intersect each
other.

Then g(z)

for mu1t1ple connected region we have

=ngP) —pgla)

L ( ) is analytic in the multiple connected region bounded by C, C;&C, . Then by Cauchys theorem

f1(2) f1(z) fi(2) .
$ 827 (ZZ) dz = ¢ g(2) f(zz) dz + ¢, 8(2) 7 (ZZ) dz oo @)

Since f(z) has a pole at z = « of order p then

F@)
(z-a)f

f@) =

where F(z) is analytic inside and on C;

Taking log on both sides we have

log f(2z) = log f(z) — plog(z — a)
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Differentiating we get
f@ _F@
f@) F@@)

-p/(z=-a)

F
)f() g2 =2 '@ _9@p

= g( f(2) F(z) z—a

f o0l Daf gE Dy § 20,
Cc1 c1 C

f@) F(2) 2 (Z—a)
=0—-p ” (jizl)z) dz =—p2mnig(a)

= 2ni(~g(@)P)

Similarly we can show that gﬁ g(2) ff(( )) dz =2mi(—g(B)n)

« From (i)

§ o P 4y = 2rif(e(®)n + p(—g@p))
8@y

1 I
id 80T = ngh) — (@

[Proved]

Rouchis Theorem: If f(z) and g(z) are analytic inside and on a simple closed curve C and if |g(2)| < |f(2)I
on C. Then f(z) and f(z) + g(z) haave same members of zeros inside C.

Proof: Let F(z) =

f(Z)
Sog=Ff=>g =Ff'+Ff

Here |F(2)| = iszi

<1 onC as |g@)| <|f(@)|oncC

Now we get |f(2)| # 0on C
Hence F(z) is analytic on C

Let N; and N, be the number of zeros of f and f + g respectively inside C
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Then by argument theorem

N _ lf f’+g’01 1 f’d
20T 2mi f+g £ omi ¢ f “
1 f' + Ff' + F'f 1 f”d
Tomil, T f+fF O 2mif O
1 ffA+0H+F f d
2mi fL+p £
1 f’+ F’ f d
“omi) |FT1+F £
1 F
Tomi). 1+F

Since F(2) is analytic on C and |F(z)| < 1s01+ F # 0 on C. Hence li—'F is also analytic on C. Therefore by
cauchys theorem

§ o
Z =
. 1+F
Hence N, —N; =0 ie, N =N,
Therefore f(z) and f(z) + g(z) have some same number of zeros inside C.

Fundamental Theorem of Algebra: A polynomial equation a,z" + a,_,z""* + ---.4+a,z + a, = 0 of
degree n > 1 has exactly n roots

Proof: Let f(z) = a,z"and g(2) = a,_1z" * + . +a;z+a, =0
Consider a circle C with centre at origin and radiusr > 1

Here both f(z) and g(z) are analytic inside and on C

Now on C

lg@)|  lap_1z"" +ay 2" 2 + - +az+al
|f(2)] lanz"|

< lan—q||z""*[+--+laq ||z +ao|

lan|lz"]

_ lancalle" 4 o+ g llrl + 2,
lan "]

r>1
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<analr™ 4 e lag [P 4 e [t

|ag|r™

_ |an—1| + |an—2| +t |aa|
lan|r

choosing r large enough we can make —:igi: <1

Then by Rouchis theorem f(z) and f(z) + g(z) have some number of zeros inside C. But f(z) has n mumber
of zero inside C all located at origin. Therefore f(z) + g(z) has n number of zero inside C.

i€, anz" +a,_1z" 1+ . +a;z+a, =0 hasexactly n number of roots.

dz where C is

Example. Evaluate gﬁc C;S_nf

(a) The circle |z| = 2
(b) The rectangle with vertices —i,2 — i,2 + i, i

I 1 1 _ 1 1
Solution: We have prr il o vl Yo Gl o

cosmz 1 cosmz 1 cosmz
So 9SC z2-1 dz = E¢C z-1 dz — 54;(5 z+1 dz
(a) Let f(z) = cosmz

Therefore

AN
Y

f(1) = cosmt = -1

And
f(-=1) = cos(—m) = -1

Hence by Cauchys integral formula

A

1 f(@ 1 cosTz
—1=f(1)=— dz = —
O =5 7% zmjgc z—1

1§ cosrrzd .
> - =—
29 7-1 z i

Similarly

D =f(-1D) =56 “dz

2mi +1
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1 COST i
= — % dz = —mi
2Jc
Hence
cosnz
jgc 214 i — (7ri)
(b) Since z = —1 lies outside C, So
1 f cosnzd —0
2f. z+177
But z = 1 lies inside C
Let f(z) = cosmz, Since f(z) is analytic inside and on C Y p 24
. \
So by Cauchys integral formula
Y A
1= f(1) = 1 cosmZ p X
=IO =omf 7o
1 3£ cosnzd ) B H
== =—
28 701 z i
coSsTz . .
Hence $ o dz=-ni—0=—mi
6
Example. Find the value of §,. % dz where C is the circle |z| = 1.
6

Solution : Let f(z) = sin®z
Here f(z) is analytic inside and on C. So by Cauchys integral formula

T 2! sin®z

=—¢ —5—dz
6" 2mi], (2—2)3

Now,
f(2) = sin®z

f(2) = 6sinSz cos z
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f (@) = 30 sin*zcos?z — 6sin®z

T 32 32 16
Hence

1 sinbz d 21
—b 2 4=
c (z _2)3 16

sin®z _ 21mi
- 5 dz =
(z—g) 16

ie.,

Example. Evaluate ﬁﬁ ———dz where t > 0 and C is the circle |z|=3.

(zz+1)Z

ezt

L 1
Solution: We have Py gﬁc

Z
(z2+1)?

eZt

1
Tomi §C (z+0)2(z-i)? dz

45

Here i & — i lie inside C. Construct two circle C; & C; inside C with centre at i & — i respectively so that they

do not overlap each other. Then by Cauchys theorem

Zt

2mi f m
1 e?tdz 1 o2t
=50 i, b i, — 2V
21i c1 (Z + l)Z(Z - 1)2 2mi 2 (Z + l)Z(Z _ l)z

=l +1; (Say)

For I, let f(z) =

(Z+L)Z
Here f(z) is analytic inside and on Cy and z =i is inside C.

So by Cauchys integral formula,

ezt

f@= 2mi J, (z+10)2(z — 1)2

Here

d
C_‘
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@) = (z+ D2 +e? +e?2(z+1)
fla)= z+D*
L FD) = —4te't —e'4i  —te' —ie"t
“fW0= 16 4

zt

For I, Let g(z) = (Z e

Here g(z) is analytic inside and on C;,

Also z = —i lies inside C,, So by Cauchys integral formula
ezt
90 = 2mi Jg, m
Here
(z— )2 +e? —e?(z—i)
9@ = (z+ D)
Hence g(—i) = -4t ei1f6+4ie” _ —te‘i:ﬂ'e‘“
Therefore
6, o =l
=f@O+gD)
_ —t(ef +e7) —i(elt — ™)
4

—2tcost + 2sint
4

1
=3 (sint — t cost)

(22 +1) (z-3)(z+5)3

Example. Let f(z) = (Z2+22+2)*(2-6)

Evaluate
1o f1D) 1 o (ZP+2)f1(D)
( )Zm 43(3 f(2) dz and (ii )Zm 43(5 f(2) dz

Where C is the circle |z| = 4.
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Solution:

()putz2+1=0thez=4i
z—3=0thenz=3
z+5=0thenz = -5

So f(z) has zero at z = i of order 2

at z = —i of order 2
at z = 3 of order 1
at z = —5 of order 3

But only i,-i,3 lie inside C

Hence the number of zero inside C =2+ 2+4+1 =15

AgainputzZ2 +2z+2 =0

Thenz=-1+1i

Putz—6=0thenz=26

So f(z) has pole at z = —1 + i of order 3

atz = —1—i order 3
atz = 6 of order 1
But —1 + i and —1 — i lie inside C
Therefore the member of poles inside C =3 +3 =6

Hence by argument theorem

1§ Dy, 5 g
—$ o z=5-6=-1

(Ans)
(ii) Put z%2 + 1 = 0 then z==4i
z—3=0thenz=3
z+5=0thenz=-5

So f(z) has zero at z = i of order 2

47
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at z = —i of order 2

at z = 3 of order 1
at z = —5 of order 3
But only i, —i, 3 lie inside C
AgainputzZ +2z+2=0=>z=—-141
z—6=0>=>z=6
So f(z) has zero at z = —1 + i of order 3
atz = —1 —iof order 3
atz = 6 of order 1
Butonly —1 + i and —1 — i lie inside C
Now put g(z) = z2 + z Here g(z) is analytic inside and on C. therefore by argument theorem

1 U
Z_mi (z% + 2);((22)) dz =2g() +2g(—i) +1.g(2) = 3g(—1 +i) —3g(—-1—1)

=2(-1+0)+2(-1-0)+12-3[-i—1) - 3@ — 1)

= —4+12+3+3

=14
Ex. Prove that all roots of z7 — 523 + 12 = 0 lie between the circle |z] = 1 and |z| = 2.
Proof: Let f(z) = z7 and g(z) = —5z% + 12
Let C represent the circle |z| = 1
And C; represent the circle |z| = 2
Nowon C, |g(2)| = |-5—2z2+12| <5|z|®* + 12 =5.23 + 12

=52<27 = |f(2)l

Since both f(z) and g(z) are analytic inside and on C». So by Rouchis theorem f(z) and f (z) + g(z) have
some number of inside C».Since f(z) has & zeroes inside C, (all located origin)

So f(z) + g(z) = z7 — 5z3 + 12 has 7 zeroes inside C»

For Cy let f(z) =12 and g(2) = z7 — 523

48
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Now |g(2)| < |z|” + 5|z =1+5=6 < 12 = |f(2)|

Also both f(z) and g(z) are analytic inside and on C; So by Rouchis theorem

f(2) + g(z) have some number of zeroes inside C;.But f(z) has no zero inside C;. Therefore f(z) + g(z) =
z7 = 523 4 12 has no zero onside C;. i.e., all zero of z7 — 523 + 12 is outside of C;

~All zeroes of z7 — 5z + 12 lie between the circle |z| = 1 & |z| = 2.

Taylor’s Theorem

Taylor’s Theorem

Taylor Theorem: If f(z) is analytic inside a circle C with centre at a then for any z inside C

(z—a)’

f@) =f@)+(z-a)f'(a)+

Proof: Construct a circle C, inside C with Centre at a inclosing z. Then f(z) is analytic inside and on C.
Then by Cauchy’s integral formula,

1 . fw)
Z) =— dW w
f@ 2m’§ w—z
cl
Now
1 1 _ 1 __1 _z-a\.
w-z  (w-a)-(z-a) (w—a){1—(;;_'jl)} w-a a w—a)
Sinceon €, 1Z=21<1
w—-a
So
1 1 z—-a z-a\2
T S M
1 z—a z—a\? z—a\""1 z—a\" z—a z-a\?

=— [1+ T (W—a) 4o + (W_a) + (W_a) {1 oot (W_a) 4o }]

-y zae @Eot Gt g (222) L .

== T oar T e +(£2)'55 By cquation (1)
So
) _ ) | maf ) | @an) (-t z-a\" f)
wz ~w-a (w-a)? + (w-a)3 + + (w-a)* fw)+ (w—a) w-z
Or
L¢ W o

2miJc; w-z

— —a)? _q)n-1
_Lfﬁ de+ﬂ§c fw) dW+(Z a‘) ¢ fw) AW 4 v oo + (z—a) §C fow) dw +u,

~ 2mide; w-a 2mi Je1 (w-a)? 2mi Je1 (w-a)3 2mi 1 (w=a)?

1 @z-a)" f(w)
Where Up = -— ﬁ'l W - d

2mi

Now using Cauchy’s integral formula we get,

(z—a)™ 1
(n—1)!

M @)+uy,

f(Z)=f(a)+(Z—a)f’(a)+%f”(a)+ ...... +

(Since, f" (a)= igﬁ fw) dw)

2mi Je1 (w—a)ntt

We need to show that,
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lim, e u, =0

zZ—a
Onc; let oa =<1
w—zl=|w-a)-(z-a|>w-al-lz-al=r —|z—ad]

Where 1y is the radius ofc;

1
r—|z—a|

|W—Z

Since f(w) is analytic inside and onc;. So|f (w)| < M for some positive number M.

z-a nf(W) 1_Bp"M
Hence |u,| = |2m ﬂl G2 o dw| < 2nrrf—al 27T
-0 as n— oo | since B<1

Therefore f(z) = f(a) + (z— a)f'(a) + %f”(a) o

Laurent’s Theorem: If / (z) is analytic inside and on the boundary of the ring shaped region R bounded by
two concentric circle ¢; and ¢, with Centre at a and radius r; and r, respectively. Then for all z in R,

f(Z) = Z An(z—a)" + Z (Z — Cl)n
n=0
Where a, = - W g

2miYe1 (w—a)ntl

2mi Jez2 (w—a)~n*1

And a_,

Proof: Since z is inside R, so by Cauchy’s
integral formula for multiple connected region

cl
f(W) f(W)
f(Z) T 2mi ¢C1 w— z Zm ¢Cz w-z dw—————- - - (1)
For the first integral w is on ¢;.
Then |ﬁ| <1
w-a
L1 1 g zmaya
SOw—z ~ (w-a) (z—a) w—a( w—a)
Lo L[y () (1
w—Z - w—a w—-a w—-a )

Taylor’s Theorem

1 z—a (z-a)? (z—a)" 1 Z—a\p 1

S tea Teo VT e TUS [by (D]
L) gy = Lg [0 gy, g 206 SO g, 4 (G S (oW
Hence 7 2mi gSC w-—. z ngS w-a dw+ 27 2mi g;cl (w—a)? dw + + 2 ﬁq (w—a)n dw + Un
_ 1 z—a nf(W)
Where u, = — ¢Cl o —dw
Thu Sﬁ U — +a,(z—a)+ - ta, (z—a)" 1 +u
Zm c1 w—z 0 1 n-1 n
Where a,, = L S dw

2mi ey (w—a)n+1
For the second integral when w is on c,.
Then [*=2| < 1
z—a

1 1 1

1t 1w
Hence w-z  z-w (z—a)-(w—-a) - z—a( z—a)
=1 WZav2 4o
z—a[ z—a) + |
= WZav2 4 .l n-1 n WZava 4o
=—[ 02 e () M1+ (B2 4 ]
L1 wea o™t weayy 1
Or’_E T z-a + (z—a)? + + (z—a)™ z-w
So,———¢ ™y ———¢ fW)dw +—— 5)5 fw)(w — a)dw + -
0, T 2mide; wo z Zm(z a) Zm(z a)? e
- - - n-1
Py a)ngﬁ w—a)" Hf(w)dw + v,
w-a nf(w)
Where, Up = §CZ (Z a) dw
_ W gy =81y 42 o a-n
Thus 2mi ¢C w-z dw = z-a + (z—a)? + + (z—a)™ + Un
1y T
Where a_, = —9¢, ) dw n=123, .. ...
Hence by (1),
B a_; a_, a
= + —_ 4o +a._ —a)" 14 7L 4. —+ +
f@=a+a,(z—a) an-1(z—a) Z—a (z—a)? z—a)r Up T Up

Where w is on ¢y, let |ﬁ‘ =p<1

Since f(z) is analytic inside and on the region bounded by c¢;and ¢, so |f(z)| <M for some positive
number.

Alsoonc|lw—z| = |(w—a) — (z — a)|

>lw—al—|z—a

52
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|W—Z

Therefore | —gﬁ

=n—|z—al

1

T ri—lz—al

(z=a)™ f(w)

2mi Jer (w—a)™® w—z

1 "M .
w| < — £y 2nry = 0 as n— oo |since f < 1
2n i —|z—al

limu, =0

n—-oo

Similarly we kan show that lim,_, V;, =0

Hence from (2)

f(Z)=a0+a1(z—a)+a2(z—a)2+ ...... +

a_q a_,

z—a (z—a)?

ThatIs, f(2) = Xeean(z — Q)™ + Ty ——

(z-a)?

Note: We can also write the Laurent’s expression as

<3}

f@= ) az-ar

n=-oo

1 fw)

Where a, = —¢ ————dw and C is any simple closed curve, the region enclosing the point z = a.

2mi Jc (w—a)n+l

In Laurent’s expansion )., a,(z — a)™ is called analytic part and Y5,

( ) is called principal

part.

If f(z) has no singularity inside and on C;(i.e., f(z) is analytic) then the series doesn’t possess any
principal part. Thus the Laurent’s explanation concide with Taylor’s explanation, the principal part
occurs only because of singularity of function.

In Laurent’s expansion of a function f(z) , if number of terms in the principal part is finite say n,
then the singularity is pole of order n.

If the number of terms is infinite then the singularity is an essential singularity.

If the principal part vanishes then the singularity is called a removable singularity.

Example. Find Laurent’s series about the indicated singularity. For each function name the singularity in
each case and give the region of convergence of each series.

(@ f(2) =

(Z 2)4, z=2

®) f(2)=(z- 4)sin$; z=-3

(C) f(Z) Z SLTLZ 7= 0
Solution: (a) put z— 2 = u, thenz = u + 2
e3? e3+2) 46
. — — — __p3u
“f@ (z —2)* ut ut®

Taylor’s Theorem

Buw)*  (3w)?
T + 3 4o ]

e6
=F[1+3u+

1 + 3 +9 1 +91+27+81
u*  ud  2u? 2u 8 40
1 3 9 1 9 1 27 81

:eﬁ[

= ef[ + +- += +—F+—(Z-2)+

(z=2)* (z—-2) 2(z-2)?% 2z-2 8 40
This is the Laurent’s series of the function around z = 2.
Here the principal part consists of only 4 terms. So z = 2 is a pole of order 4.
The series is convergent only if

(3u)

1+3u+——+ e is convergent, provided u # 0
_ (3u)n—1
Here a,, = D1
Bw"
Any1 = oy
) |G, oDy 3
“1a, | n! Buw)r- 1|

Now lim,_, | “n“| = lim %|u| =0<1
n—oo
Hence by ratio test the series is convergent for all u # 0

That is the series is convergent for all z # 2
(b) Here f(2) = (z — 4—)Sin$ ;0 z=-3

Putz+3=u Then z=u-—3

1
~ f(2) = (u—7)sin—
u
1 + 1
u  3'u3  5lud }

1 + 7 + 1 7
u 3lu?z 3'ud3  5lu* 5lus

7 1 7 1 7

743 31432 3z 437 5z +3)¢ 5143

Which is the required Laurent’s series around z = —3
Since the number of terms of the principal part in the expansion is infinite, so z = —3 is an essential
singularity.

This series is convergent only if
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1 1 1 .
;—mﬁ'm— 1s convergent
G
Gn = (2n — 1)l uy2n-1
="
41 = n + Diuzntl
|an+1 | eor (2n—D!u®D| 1
n+ 1lu - - T 2n(2n + u
2n + Dtusn+t (=Dt 2n(2n + Dul?
Now lim,,_, Ia"“I = lim =0 < 1providedu # 0

n—o 2n(2n+1)ul?
Hence by ratio test the series is convergent for all u # 0.

Is the Laurent series is convergent for all z # —3.

z-sinz

(c)Giventhat f(z) =—— ; z=0

3

sin 5
Wegetz z _ {Z—(Z_%‘Fa_'"mm)}

1,23 25 77
T z2V31 s o7 )

z Z3 ZS

3! 5! 7!

Which is the Laurent series for the function around z = 0.

Since the series has no principal part so z = 0 is a removable singularity.

ZZ‘n—l

— (—1)n-1
Here a, =(-1) @t D!

2n+1

Anyq = (‘U"m

@t |z|?
“la, | T 2n+3)2n+2)

An+1
a'ﬂ

lim

n—-oo

=0<1

So by ratio test the series converges for all z.

Example. Expand f(z) = in a Laurent series valid for

_z
z2+452+6
(a) 2<z| <3

(b) |z| >3
©1<|z+1]<2

(d) |z] < 2
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z 2

Solution: Here f (2) = 57——=—""—=—"—>——

2

22+52+6 (z+2)(z+3)  z+3  z+2

(a) Given conditionis 2 < |z| < 3

56

When 2 < |z|
2 2 2 2
- ~a+o
Z+2 z(145 2z z
_2.,.2, 4 8
_Z( z z% Zz3 )
_2 4 8 16
Tz 72 z3 z4
When |z] < 3
3 _ 3 _(1_|_z)_1
z+3_3(1+5)_ 3
3
1o Z+ZZ Z3+Z4
7 379 27 81
Hence the Laurent series is
L Z+Z2 z3+ (2 4-+8 16 )
3 9 27 z z2 73 z*
2 3
e e e +E__+ E+1_£+Z__Z_+ .........
z 3 9 27

(b) Given region is |z| > 3

2
NOW; z(1+)__( + )

2 2 4 8

=_(1__ ......... )
z z z¢ Z3

_2 4 8 16

Tz 72 z3 z4

3 __ 3 3,3
Z+3_z(1+3) z z
_3(1 3.9 27 )
Tz z z¢2 Z3

So the Laurent series is




Taylor’s Theorem

3 9 27 81

_+_ JE—
z z% z3 z*

(2 4 + 8 16 + )
z z2 z3 z*
19 65
gt
2 _ 3 2

1 5
Tz 72
(c) Givenregionis 1 < |z + 1| < 2
Putz+1=uThenl < |u| <2
3
:'f(z):z+3
When 1 < |u]
u -1
Then —— =2(1+2)
2 101 1
_5(1_;+;_E+ ......... )
2 2,2 2
_;_u_2+5 F_|_ .........
When |u| < 2; Then
3
u+2
3 u 2 3
_2(1_;+___+ ......... )
_3_3u ﬁ_E_F .........
2 u ' 8 16

_z+2_u+2_u+1

_ L2 2.2 2.3 3u 3w 30

B ut* ud u?z u 2 4 8 16
B L2 2 2 2 3 3(z+1) 3(z+1? 3(z+1)°
a z+1D* (z+13 (z+1)?2 (z+1) 2 4 8 16
(d) Given region is |z| < 2

3 3 z z2 z3
No m_3(1+z)_1_§+?_; .........
2 2 " N z2 2z N
a 4 8

Hence the series is
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1 BT I B R,
379 27 272 8
z 5 19
___2 - ;3 _
6 367 T1067

1 o 1
Example. Show that cosh (z + ;) =ay+ Ype10n (zn + z_")
Where a,, = %f()zﬂ cosh(2cos@) cosnB do

i) is A

analytic for every finite value of z except at z = 0

Solution: Here cosh (Z +

So it is analytic in the ring shaped region r < |z| < R where r is
sufficiently

small and R is sufficiently large. So by Laurent’s theorem cosh (z + i) = Ym0 Qnz™ + Z;’f’zlaz'—n"

cosh(z+ ) cosh(z+ )

Zn+1 Z’ = 27.”¢ z—n+1 dz

Where a,, = ;56

Where c is a simple closed curve in the annulus (ring shaped region) enclosing the region.

Now choose ¢ as the unit circle with centre at origin.
Then on ¢ z=¢e'®
dz = ie®dg

. y
Z+;=el9+e ¥ =2cos8

fzrr cosh (2cos6) . lgdg

Soa, = PG

1 (" .
= %f cosh (2cosf)e"? dg
0

1 2 i 2
= —f cos h(2cos8) cosnb do — —f cos h(2cos8) sinn do
2m J, 2m J,

Now fozn cos h(2cos8) sin né do
= fozn cos h(2 cos(2m — 8)) sinn(2m — ) d6
= fozn cosh (2cos8)(—sinnf) dé

=— fozn cos h(2 cos 8) sinnf do




Taylor’s Theorem 59
2
f cosh(2cos@)sinnd df =0
0

Soa, = ifozn cos h(2 cos 8) cosné db

Alsoa_, = % fozn cos h(2 cos 0) cos(—n6) d6

1 r2m
=5-J; cosh(2cos8)cosnd db
=a, forn=1,23--

Hence cos h (z + i) =ag+ Ypa,2" + Z;‘{’zlj—z

=ag+Yn 0, (z" + zin)

(Proved)

12

Fourier Series

12.1 PERIODIC FUNCTIONS

If the value of each ordinate f(7) repeats itself at equal intervals in the abscissa, then
f(?) is said to be a periodic function.

Iff(®) =f@¢+T) = f(@+2T) = .... then T is called the period of the function f ().

For example :

sinx = sin(x+2m) = sin(x+4m) = ... so sinx is a periodic function with the period 2 7.

This is also called sinusoidal periodic function.
A 1(t)

— T =2n —>|
12.2 FOURIER SERIES
Here we will express a non-sinusoidal periodic function into a fundamental and its har-
monics. A series of sines and cosines of an angle and its multiples of the form.
a
70+a1 cosx+apcos2x+azcos3x+...+a,cosnx+ ...

+bysinx+bysin2x+bysin3x+...+b,sinnx+...

a .
= 70+E ancosnx+z b, sin nx.
n=1 n=1

is called the Fourier series, where a, ay, ay,...ay,,...by, by, bs...b,... are constants.

A periodic function f(x) can be expanded in a Fourier Series. The series consists of the
following:

(i) A constant term aq (called d.c. component in electrical work).

(i) A component at the fundamental frequency determined by the values of ay, b;.

(iii) Components of the harmonics (multiples of the fundamental frequency) determined
by a,, as...by, bs... . And ay, ay, a,..., by, b,... are known as Fourier coefficients or Fourier con-
stants.

850
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12.3. DIRICHLET’S CONDITIONS FOR A FOURIER SERIES
If the function f(x) for the interval (—m, 7 )
(1) is single-valued (2) 1s bounded
(3) has at most a finite number of maxima and minima.
(4) has only a finite number of discontinuous

(5) is f(x+2m) = f(x) for values of x outside [- 7, 7], then
P P
S, () = %+z ay cosnx+32 b, sin nx

n=1 n=1

converges to flx) as P— oo at values of x for which f(x) is continuous and to
%[f(x+0) +f(x—0)] at points of discontinuity.

12.4. ADVANTAGES OF FOURIER SERIES

1. Discontinuous function can be represented by Fourier series. Although derivatives of
the discontinuous functions do not exist. (This is not true for Taylor’s series).

2. The Fourier series is useful in expanding the periodic functions since outside the closed
interval, there exists a periodic extension of the function.

3. Expansion of an oscillating function by Fourier series gives all modes of oscillation
(fundamental and all overtones) which is extremely useful in physics.

4. Fourier series of a discontinuous function is not uniformly convergent at all points.

5. Term by term integration of a convergent Fourier series is always valid, and it may be
valid if the series is not convergent. However, term by term, differentiation of a Fourier series
is not valid in most cases.

12.5 USEFUL INTEGRALS
The following integrals are useful in Fourier Series.

271 2n
@[ sinnxdc =0 i) cosnxdx =0
0 0

2n 2n
(iii)_f sinfnxdx = m (iv)f cos?nxdx = T
0 0

2n 2n
(v)j sinnx-sinmx dx = 0 (vi)f -cosnxcosmxdx = 0
0 0

27n 27m
(vii) J sinnx - cos mxdx = 0 (viii) J. sinnx-cosnxdx = 0
0 0

@ix) [uv] = uvy —uvy+u"v3—u""vy+ ...
du , d*u
s u’ = p and so on
(x) sinnmt = 0, cosnm = (—1)" where ne I
12.6 DETERMINATION OF FOURIER COEFFICIENTS (EULER’S FORMULAE)

[0
fx) = 7+alcosx+a2cos2x+... +a,cosnx+ ...

where v = _[vdx, Vo= Ivl dx and soon.u’ =

+bsinx+bysin2x+ ... +b,sinnx+ ... (D)

(i) To find ay: Integrate both sides of (1) fromx = 0 to x = 2 7.

852 Fourier Series
2n 2n 2n 2n 2n
a
J. f(x)dx = 70 J dx+a1.|. cosxdx+a2J. cos 2xdx +..... +a, J. cosnxdx+ ...
0 0 0 0 0
2n 2n 2n
+ by _[ sinxdx+b2_|. Sin2xdx+...+b,,_[ sinnxdx + ...
0 0 0

2n
= % .[ dx, (other integrals =0 by formulae (i) and (i7) of Art. 12.5)
0

27n
fo f@dx == (2

(ii) To find a,: Multiply each side of (1) by cosnx and integrate from x = 0 to
x =2m.

I
|
S}
A
Q
S
|
| =
s
~
S
&

2m ay 2n 2n 2n
I f cosnxdx=7 _[ cos nxdx+ a; f cosxcosnxdx+...+a, I cos? nx dx...
0 0 0 0

2n 2n
+ b, J. sin x cos nx dx + b, _[ sin2 xcos nx dx +....
0 0

2n

= ay J. cos? nxdx = a,n (Other integrals = 0, by formulae on Page 851)
0

1 2n
a, = — '[ f(x) cos nxdx ..(3)
T Y0

By taking n = 1,2 ... we can find the values of ay, as....

(iii) To find b,: Multiply each side of (1) by sinnx and integrate from x = 0 to
x =2
2n a 2n 2n 2n
_[ f(x)sinnxalx:i_[ sinnxdx+a1.[ cosxsinnxdx+ ... +a, J. cos nxsinnxdx + ...
0 0 0 0

+b f:n

2n
b, J. sin? nxdx
0

2n
sinxsinnxdx+ ... +b, _[ sin? nx dx + ...
0

(All other integrals =0, Article No. 12.5)
=b,m

1 2n
b, = — J. f(x) sin nx dx (4
7o

Note : To get similar formula of a,, ) has been written with a, in Fourier series.

Example 1. Find the Fourier series representing
fx) =x, O0<x<2m

and sketch its graph fromx = —4ntox = 4w
ao

Solution. Let f(x) = >

+a;cosx+a,cos2x+bysinx+bysin2x+... (1)
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2mn

27n 27
Hence aozifo f(x)dx=#.|‘0 xdx = %{ } -2n
0

27
a, :lj f(x)cosnxdx—lj. X cos nx dx
T %0 T %0

1 smnx COS nx 27[_1 cos2nm 1 | 1 -1 =0
il O-ET‘ﬁ-m“)-

1
b, = po _[ fx)sinnxdx = — _[ X sin nx dx

1 _cosnx |, —sinnx zn_l —27ncos2nm | _ 2
“alt n ) n? 0 n n T oon

Substituting the values of ag, a;, ay..., by, by... in (1)

x = n—Z[Sinx+lsin2x+lSin3x+...} Ans.

2 3
f(t)

T an _on lo o an X

Example 2. Given that f (x) = x+x? for — m<x< T, find the Fourier expression of f (x).

1 1 1

o
Deduce that 3 =I1+= 72 += 3 + S+,

(U.P. Il Semester, Summer 2003)

. ao . .
Solution. Let x+x% = 7+a1cosx+a2c052x+...+bl sinx+bysin2x+... (1)

Y ¥
w=~] fwa=1] @rdar
T "-n T -1
_ife 2V e, w » o] _ 2
Tl 23 —n_” 23 2 3| 3
T ¥
—J. f(x)cosnxdx:f (x+ x?) cos nxdx
- -
2 sin nx (—cos nx) sin nx
{(x+ ) S (o +1)7+(2)( I H_n

cosnn cos(—nm 1 cosnm] _ 4(-1)y
{(2n+1) - (—2me 1) ST } n{4n > }_ =

Q|~ al~ :ll-

_[ f(x) sinnxdx = — _[ (x + x?) sin nx dx
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ENE

. K
o[ _cosnx) —sinnx COS nx
{(x+x)[ Ba— ] (2x+1)( e )+2 e ln

_1 (4T cosnn+2cos:zn-+(_n+n2)cosnn_zcos ;1 TE:|
i n n

= l{—2—ncosnn} = —2(—1)"
T n n

Substituting the values of ay, a,, b, in (1) we get

x+x2 = n—2+4[—cosx+i0052x—Lcos3x+ }
3 22 3

—2{—sinx+%sin2x—%sin3x+...} 2

Put x:nin(2),n+n2=%2+4{l+%+%+i+ } -3
Put x:—nin(2),—n+n2=%2+4{1+%+%+%+ } (&)
Adding (3) and (4) 2n2—2T”+8[1 %+%+%+...}
4Tnz=8[l+%+%+$+ }
%2 1+%+%+%+ i% Ans

Exercise 12.1
Find a Fourier series to represent, f(x) = t—x for 0<x<2m.

Anms. 2 sinx+lsin2x+l

sin 3 x + +lsin nx+
2 3 n

Find a Fourier series to represent x — x> from x = — 7 to 7t and show that
w1 1 1 1

12 ? 3?2 4 (Mysore 1997, Osmania 1995)

2 cosXx cos2x , cos3x cosdx sinx sin2x sin3x sin4x
Ans.———+4|——— - +. |+ - +...
3 4{ 12 2 3 B 2 [ 1 2 3 4
Find a Fourier series to represent: f(x) = xsinx, for 0<x<2m.
(AAM.LE.TE., Summer 1997, Madras 1997, Mysore 1995)

. 1 cos2x  cos3x  cosdx
Ans. — 1 +msinx——cosx+2| — > 3
2 2°—-1 3-1 4-1

. . . . . . b
Find a Fourier series to represent the function f (x) = €*, for — T < x < 1 and hence derive a series for h
sinh 7t

Ans, 25i0h 7 1 1 cos x+ 1 C0S2x ———cos3x+
T |27+ 2+1 3+l

1 sinx — 2 sin2x+isin3x T 142 —l+l—L+
12+1 22+1 32+1 ""| sinhm 25 10
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5. Obtain the Fourier series for f (x) = e™*inthe interval 0 <x <2 7. (Nagpur 1997)
l-e "1 1 1 1 L. 2 . 3 .
Ans. . |:2+2cosx+scos2x+locos3x +2smx+551n2x+105m3x+...}
2 o
- cos nx
6. Iff(x)= 0 <x < 2m, show that f(x] ——+Z
7 ( ] e = (Madras 1998)
7. Provethatx® = ?+42 1y 2 n<x<n
n=1
2
Hence show that (i) X Lz = % (Madras 1997, Mangalore 1997, Warangal 1996)
n
iz 1 = n—z (Mangalore 1997) (iii) 1 i (Madras 1997)
@Qn-17 8 § 2 %0 ‘
2
8. If f(x) is a periodic function defined over a period (0, 2 m) by f(x) = (3)6261x—2ﬂ5+21'[)

€Os nx n? 11
Prove that f(x) = 2 e and hence show that i 1 +? + 3 +.

n=1
12.7 FUNCTION DEFINED IN TWO OR MORE SUB-RANGES
Example 3. Find the Fourier series of the function

-1 for -T<x< —g
= _z z
fx) 0 for 5 <x< 5
+1  for g <x< T
Solution. Let f(x) = %+a1 COSX+aycos2x+...+b sinx+bysin2x+... (D)
1™ 1 -n/2 1 2 1 ("™
== dx == - Ddx+— Odx+— ld
o T 'I‘—ch(X) " T J.—T[ ( ) o T J.—71/2 T “n/2 o
N I I O O LA o B _T|_
_n[ x}_n +TE|:X:|”/2_TC|:2 T+T 2}—0
+ T
a, =l.|. f(x) cos nx dx
T —n
-m/2 2 T
-1 J. (- 1)COSnxdx+l _[ (0) cos nxdx+i .[ (1) cos nx dx
T -7 T “—n2 T “n/2
-2 n sin L1 sin L
=_1[M} +l[M} S | 2 (U el 2 B
(s n -7 T n /2 T n T n
n f(x)
=lj f(x)sinnxdx 14
—n2 2 - i i
_ L f (—1)sinnxdx+lf O)sinnxdx y, -m 2 ! !
T “-n2 ' ! o Ea = X
i i 2
I I
— 1 ___1
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1 nm 1 nm 2 nm
= — | COS———COSNT |——| COSPTT—COS—~— |=——| COS—=——COSnT
2 nm 2 2

nm nm
R
b m 3n
Putting the values of ay, a,, b, in (1) we get
fx) = l[25inx—2sin2x+%sin3x+...} Ans.
b

Example 4. Find the Fourier series for the periodic function

10 -n<x<0
f(x)_{x, 0<x<rx

fa+2m = fx)

Solution. Let f(x) = %+al COSX+aycos2x+...+b;sinx+bysin2x+... (D)

10 1 (" 127 1(m) =
= — 0.dx+— dc=—|%| =—| =% |=+%
“ ﬂ'[—n njoxx n{2}0 | 2 2
T ™

a, = 1 _[ xcosnxdx = 1 X - sin nx -(1) _cosnx nx
T "0 T 0

_ 1\
=i{( 1) —%}z—%, when n is odd

Vlz n n-m

= 0, when niseven.
T n _ 1\ _ 1\
bnzlj xsinnxd. =l x| - E8X -] - smnx :l —TE( D) =—(—1L
%0 T 0 T n n

Substituting the values of ag, aj, a, ... by, by, ... in (1), we get
cosx , cos3x  cosSx sinx sin2x  sin3x
f()C) 4 7T|: 12 + 32 + 52 :| |: 1 - 2 + 3 e :| Ans.
DISCONTINUOUS FUNCTIONS
At a point of discontinuity, Fourier series gives the value of f(x) as the arithmetic mean
of left and right limits.

At the point of discontinuity, x =c¢

Atx=c, f() = 3 [fle=0)+/(c+0)]

Example 5. Find the Fourier series for f(x), if f(x) = {_xjt _On<<xx<<n0'

1 1 1 m?
Deduce that — 2 + = + §+ =g (Warangal, 1996)
Solution. Let f(x) = + ajcosx+a,cos2x+...+a,cosnx+....

+blsinx+bgsin2x+...+b,,sinnx+... .. (1)
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a=1[ foar

Thenaozl _[0 (—n)dx+_|.nxdx =l|:—7't(x)0 +(x2/2)n:|=l(—n2+n2/2)=_£;
n . 0 T - 0 T 2
1 T
a,,=—_|. f(x) cos nx dx
m " —n
0 TI
an:l|:,|.0 (—TE)(:OSnxdx‘i'_rzxcosnxdx:|=l _n(smnx) +[7xs1nnx+cosznxJ
M| “-n 0 T n n n
-7 0
T
1 lj. f(x) sinnxdx
T "-n

(=1

K

1 1 1
=;{O+;cosnn—§}=nn2 (cosnm—1), b, =

n n?

1| . T 1 TT COS nx cosnx  sinnx
b, = — (—m) Slnnxdx+J‘ xsinnxdx |=— || —— +| —x———+——

T n 0 n n

T 0

_1 {E(l—cosnn)—ﬁcosnﬁ}=l (I-2cosnm)
T n n n

n 2 cos 3x . cosSx . sin2x  3sin3x sin4x
fx) = 4 (cosx+ g + 5 +...]+3smx— ) + 3 a4 -.(2)
. I N U U R B
Putting x=0 in (2), we get f(0) = 1 n[1+32+52+.... ) L, A3)

Now f(x) is discontinuous at x=0.

But f(0-0) = —mwand f(0+0) = 0 .. £(0) = % [F(0-0)+£(0+0)] = —1/2

n n 201 1 1 n? 1 1 1
From (3),—2 =1, [ 12+32+52+...} or o = 12+32+52+... Proved
Example 6. Find the Fourier series expansion of the periodic function of period 2 7, defined by
; r z - e T 3r
f(x) =x lf—2<x<2, fx) = m—x zf2<x<2
Solution. Let f(x) = %+a1 COSX+a,Cos2x+ ... +bysinx+by,sin2x+...
3n 3n
/2 _— 2\ T2 5=
aO:l xdx+lf2 (n—x)alx:l(x—j +l{nx—x—]2
T ‘-2 T “n2 i\ 2) g w2

_i(m @), 1(3% 9w w3 9 11
x| 8 8 |l 2 8 2 8] (2 8 2 8
/2 EL
a, =lJ. )ccosn)cd)c+l-|.2 (T — x) cos nxdx
T "—nn T “n2
11 sinnx cosnx\1™ 1 sin nx oS nx 3Tn
- (oo [ A gy s e
b n n n n
- /2 /2
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sin2L cos LT sin2E cos AR
1| 2 2 2 2
_n[z n n? 2 n n? }
r sin3nn S3n nm nm
+—=| —= 2 2 T 2 +cosi
n| 2 n n’ 2 n?
L sin +sin 2L _L cos 2T _ s L1
T Tt v ol St ]
1[ & . nw . 2 . Am .
= —| ——sinnmcos -+ —5sin—-sinnm |=0
n| n 2 n 2
1 /2 3n/2
bn:—.[ xsinnxdx+—_'. (7t — x) sinnx dx
T -2 T “n2
3n
2 =T
_2 J. X sin nxdx+l _[ : (T —x) sin nxdx
T Yo T “np2
3n
2 COS nx sinnx\7%% 1 COS nx sinnx 12
Sl o e o
T n o T n n 2
cos B gin LT cos3mt sin3nn cosM sin L%
2l =n 2, 2 | 1= 2 2 B 2 2
n 2 n n? | 2 n n? 2 n n?
r nm 3nm
1 cos —— 351n7 ncosS— sin 2
Tl T2 T2 2 a2
Arm(3am_ o onmy 3 onm 1. 3nm
_n72n 2 2] n? 2 n? 2
—l_—Esinﬂsinnn+isinﬂ—isin3nn - L 3sin Ll 3nm
Tm| on 20 2 2 2 2 | wnl” 2 2
Substituting the values of ay, ay, ay ... by, by, ... we get

4rsinx sin3x  sin S5x
0 = P

Example 7. Find the Fourier series of the function defined as

Ans.

m

F@) = { rrmo Mo OSYERad fee2m = fO).
Solution.  a = i j_nn F() dx = % f_on f(x)dx+i fon £ dx
-1 jo (—x-myde+ L [ @emdr = i(—x—z—mjo +i(
T on T % b 2 . T

_i(m_ o) (®, o (1 1 _
—n(z n}+n[2+n =7 ) 1+n(2+1 =7

2
~FtTTX
sem
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1 (" 1’ 1 ("
a, = — I f(x)cos nxdx=— J. f(x) cosnxdx+— _[ f(x) cos nxdx
T -n T -1 T 0

1 ° L"
=7J‘ (—x—n)cosnxdx+; fo (x + m) cos nxdx
-T

:l{(_x_n)sinnx (- 1){ cosnx}}0 [( _H_c)smnx (1){ cosnx}T
T n oz T 0

1 1 (=1 (=" 1] 2 n =4 ..
= n|:——2+ 2 i|+;|: > —; _ﬁ[(_l) -1] = 2 if n is odd.
0

n n n

if niseven.

b, = %J. f(x)smnxdx——_[ f(x)smnxdx+—'|. f () sin nxdx

0 T
=i_|. (—x—n)sinnxdx+%.[ (x + ) sin nx dx
- 0

1 COS 1. sin 7. 0
s el R 1

+l{(x+n)( cosnx) (1)( slnnxJT
n 0

ljlm| 1 _2m L B S R 20 _(_1»
—n{n}n[—n (_1)+n}_n[(1) 2(= 1+ ()] = = [1=(=1y1]
=£, if n is odd.
n
=0, if nis even.
Fourier series is
f) = ‘; +ay COSX+aycOS2 X+ ...+ by SiNX+bysin2x+ ...
n 4 sx cos3x sinx sin3x
fx) = Z_n( 2 + £y +...)+4[T+T+

Ans.

Exercise 12.2
1. Find the Fourier series of the function
_ -1 for -n<x<0
f(x)_{ 1 for 0<x<m

where f (x +2 ) = f(x).

411 . 1 . 1 . 1.
Ans. [Tsmx+§sm3x+§sm5x+7s1n7x+...

2. Find the Fourier series for the function

for -T<x<0

f@) =

for 0O<x<m

ENE RN

and f(—m) = f(0) = f(n) =0, f(x) = f(x+2m) forall x.

}

860 Fourier Series

Deduce that
T_ 1.1

4= 17375

3.  Find the Fourier series of the function

sinx  sin3x  sin5x  sin7x
—+ + + +

+... Ans. 1 3 5

2=

}[ for -n<x<0
f(x)z]l for 0<x<§
|0 for §Sx3n

4. Obtain a Fourier series to represent the following periodic function
f(x) =0 when O <x<m
f(x) =1 when m<x<2m

1 2(. 1 . 1.
Ans. 2—ﬂ(smx+3sm3x+55m5x+...j

5. Find the Fourier expansion of the function defined in a single period by the relations.

_ for O<x<m
f(x)_{Z for m<x<2m

and from it deduce that T 1—l+l—l+...
4 3°5 7 . 1 . 1 .
Ans. = —=| sinx+=sin3x+—-sin5x+...
2 3 5
6. Find a Fourier series to represent the function
0 for —-m<x<0
fo =1,
X for O<x<m
2
and hence deduce that r =i+i+L+
sores (-1 -1 (-1yn
Ans. —+Z( i COS nx — an smnx+...]
7. Find the Fourier series for f (x), if
f(x) =-m for —m < x<0
=X for 0<x<m
-7
= for x =0
Deduce that i+L+L+ =—2
2Tyt T g (Warangal 1996)
n 2 cos3x  cosS5x . 1 . 3 . 1 .
Ans.—4—7T coS X + 3 + % +...j+3smx—2mn2x+351n3x—4s1n4x+...

8.  Obtain a Fourier series to represent the function
f@) =|x| for —t<x<m

m 1 1 1
and hence deduce 8§~ 12 + 32 + 52

(Madras 1997, Mangalore 1997, AM.I.E.TE., Summer 1996)

n 4 1 1
Ans. T—E{cosx+32 c0s3x+52 cosSx+..l
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9. Expand as a Fourier series, the function f (x) defined as

fx) = m+x for —m<x<-Z

2
=z for —£< <E
=2 2°%°72
T
=mn—-x for 5<x<1‘l:
Ans.3—n+2 %cosx—%0082x+%cos3x+...
8 m| 1 2 3
10. Obtain a Fourier series to represent the function
f@) =|sinx| for —m<x<m Hing /) = —sinx for —m <x<0
= sinx for 0<x<m
2 4101 1 1
Ans.;—E [gc052x+ﬁcos4x+§cos6x+...}

11. An alternating current after passing through a rectifier has the form
i=1Isin® for 0 <O <m
=0 for 1 <0 <2n

Find the Fourier series of the function. [
(Delhi 1997)  Anms, L-2L (0320 cos 40 ) L g, g
T 3 15 2
12. Iff(x)=0 for—-mt<x<0
=sinx for O<x<m
1 sinx 2 O cos2mx 1 11 1
Prove that f (x) = . + 2 T n nE] AP — 1 . Hence show that 13735 + 57 =7 (m-2)

12.8 (a) EVEN FUNCTION
A function f(x) is said to be even (or symmetric) function if, f(—x) = f(x)

The graph of such a function is symmetrical with respect to y-axis [f (x) axis]. Here y-axis
is a mirror for the reflection of the curve.
A f(x) A f(x)

R\ A
VARVARENE

\ \

The area under such a curve from — 1 to 7 is double the area from O to 7.

fl f)de =2 .[: f(x)dx

(b) Odd Function V\ 1(x)
/N .
) g >X

862 Fourier Series

A function f(x) is called odd (or skew symmetric) function if
f(=x) =-f(
Here the area under the curve from — 7 to T is zero.
K
|| rwac=o

Expansion of an even function:

=1 roar=2[ rewa

(" 2 ("
== dx == d
a, - f_n_f(x) cos nx dx - '[0 f(x) cosnxdx

As f(x) and cos nx are both even functions .

. The product of f(x). cosnxis also an even function.
b, =1 jn f() sinnxdx = 0
n T g

As sinnxis an odd function so f(x). sin nxis also an odd function. We need not to calculate
b,. It saves our labour a lot.

The series of the even function will contain only cosine terms.
Expansion of an odd function :

=] fwar=0

K
a, = i J. f(x) cos nxdx =0 [f(x). cos nxis odd function.]
-7

by= L [ fosinned=2 [ f(o sinnxdx
" T -n T
[f (x). sin nxis even function.]
The series of the odd function will contain only sine terms.

The function shown below is neither odd nor even so it contains both sine and cosine terms
f(t)

N [

T =T 0 ‘ T T
2

A

~V

Example 8. Find the Fourier series expansion of the periodic function of period 2T
fx) =x3 -m<x=<rm

Hence, find the sum of the series %—é +%—%+

(AM.LE.TE., Winter 1996, Madras 1997, Mangalore 1997, Warangal 1996)

Solution. f@) =2, —-n<x<m
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12.9 HALF-RANGE SERIES, PERIOD 0 TO

The given function is defined in the interval (0, ) and it is immaterial whatever the
function may be outside the interval (0, ). To get the series of cosines only we assume that
f(x) is an even function in the interval (-7, ).

This is an even function. .. b, = 0
2 (" 2 (" 21" 2m
_— dx == 20y = 2| 2| = 22
o nJ.o o) n'[o i n{3}0 3
2 ¥ 2 T
. = = cosnxdx = = 2 cos nx dx
aq . J.o fx) nx . J.o X nx

2 sin nx cos nx sinnx 1"
il X i

2 nzsinnn+2ncosnn_2sinnn‘l _4(=1y

2 T
a, = EJ. f(x)cosnxdx and b, =0
0

To expand f(x) as a sine series we extend the function in the interval (—m, ) as an odd
function.

b, = 2 J‘n f(x)sinnxdx and a, = 0
n n? n’ n? " T 0 "

Example 10. Represent the following function by a Fourier sine series :

f(x) f, 0 < tsg
f@ =
| I | | - =
| : : | 20 2 <I=T fo
| ! i | 2 (™
3 | ! . an Solution. b, = = | f(isinntdr -
o ) 2
a 2 T o -7 0. kA T
Fourier series is ~ f(X) = =2+ @) COSX + @y COS 2 X+ @3 COS 3 X + ... + 4, COSNX+ ... =;J‘0 ZSinntdt+%J./2 ESin”ldt e 2
m 27 p
n? cosx cos2x  cos3x cosdx -
2 = ?—4{ Z » 2 T2 +} _2 t( cosntj ()( smntnerg%[_cosntT
On putting x = 0, we have T o T "l
G [l 1 11 C am o oam
3 {12 273 42"'} _2 __°°ST+““T _cosnm, 2
or L—i+i—i s Ans T 2o " "
120223 2712 : o , ,
Example 9. Obtain a Fourier expression for b, = po —%005—4' sm—}+{ cos7t+cos—}—;[0+l]+[l] = E+l
fx)=xX for —~m<x<m -
Solution. f(x) = x° is an odd function. 21 mcosT smn cos2n cosn 2[ m(-1 11
by==| -3 + == +0 iy
a,=0 and aq, =0 n| 2 2 n| 2 2 272
AN 1 1
== X 91nnxdx—— 3 sin nx dx ==l 2 |l-1l===1=-=
2] rw I x n[“} T
[_[uv=uvl—u’v2+u”v3—u"’v4+...} . 3n 3n
2 CoS —— sinT 3 cos ==
_ 2 53 cosnx ,(  sinnx COS nx sin nx by == -2 i 4| —GOSOT
(e ) ] LSS
n n n 0
2 [ mlcosnm 6mcosan w6 2| 1 1 2 1
==|- =2(-1)"| - = == -=0)-= |+| 7+ = ———+=
n[ osm | S0 } 2 1)[ v, } n{ 20 9} [3 0} Z4d
2 2 2
X = 2{—[—%+%] sinx+[—%+%} sin 2x —[—%+%]sin3x...} Ans. f@= %+1jsint—%sin2t+[—i+%)sin3t+... Ans.
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Example 11. Find the Fourier sine series for the function
fx)y=¢e* for O0<x<m
where a is constant.

Solution. J. e™ sin bx dx = [a sin bx — b cos

_e
a’?+ b?

2 K
b, = = J. e sin nx dx
T Yo

2 eax
= =| ——— (asin nx —n cos nx)
T| a“+n

2 n
T a® + n?

[—(—l)”e"“+

2 e .
= ﬁ(asmnn—ncosnn)+
n| a*+n

bx]

kg

0

IJ_ 2n

C(@+md)n

b 20 +e*M b _2.2.(1-e"
. =

a? +n?

|

865

[1—(—1)%“”}

(@+1)7’° (@P+2) T
am _ ,am
e‘”:2 L+e sinx+2(1 ¢ )sin2x+... Ans.
| a*+ 12 a?+ 2%
Exercise 12.3
1. Find the Fourier cosine series for the function 1 f(x)
1 for O<x< g i i
Fo) = . | |
0 for Z<x<m. ! i
2 ! :
- : 1 K
Ans.i+z cosx—lcos3x+10055x—... - o T X
2 ' n 3 5 > o

2. Find a series of cosine of multiples of x which will represent f (x) in (0, 1) where

fx) =0 for 0<x<g

FAEY) %for£<x<n

Deduce that 1—%+%—%+...°< :% Ans. %—cosx+%cos3x—%c055x+...

3. Express f(x) = xasasine seriesin 0 <x <. Ans. 2[sinx—%sin2x+%sin3x—.‘.}
4. Find the cosine series for f(x) = m—xin the interval 0 < x <.

Ans.%+%[cosx+%§x C.i% )

5. If f(v) for O<x<Z

I
=

T
=m—-x, for —<x<m

866 Fourier Series

Show that:

) fx) = %[ sin x — % sin 3 x +é sin5x—... J (Madras 1998, Mysore 1997, Rewa 1994)

@) fix) = T_2(1 cos 2 x +L cos 6 x + 1 cos 10x+... (Delhi 1997, Patel 1997)
4 qm| 1% 32 52
6. Obtain the half-range cosine series for f (x) = X’ in0<x <.
w4 1 1
Ans. 3 (cosx—?cos 2x+¥cos 3x-— ]

7. Find (i) sine series and (i) cosine series for the function

fkx) =¢ for O<x<m.

2w [1=(=1y&]. . F-1 2 l—(=1)ye
Ans. = ————— |sin -= cos
(l)nzl“n{ n*+1 in e (i) T n; n+1 -
8. If f(x) = x+ 1, for 0 < x <, find its Fourier (i) sine series (if) cosine series. Hence deduce that
. 1,1 1 _m ; 1, 1.1 _
(1)1—3+5—7+...—4 (zz)1+32+52+72+...—8

2 4

cos3x  cos5x
— ...

Ans. (i) %[(mz) sinx—Esin2x+%(Tc+2) sin3x-Tsindx+ }

(ii)g+l—4(cosx+ 3 5
9. Find the Fourier series expansion of the function
fix) =cos (sx), m<x<T
20 + 20
@ -n 0% - 4
(AM.LE.TE., Summer 1997)
sinmx 1y [sin (sm+nm)  sin(sm—nm

+ .

D=

where s is a fraction. Hence, show that cot 0 =

Ans.

:| COos nx

s T s+n s—n

12.10 CHANGE OF INTERVAL AND FUNCTIONS HAVING ARBITRARY PERIOD

In electrical engineering problems, the period of the function is not always 2w but T or
2c¢. This period must be converted to the length 2t . The independent variable x is also to be
changed proportionally.

Let the function f(x) be defined in the interval (—c, c). Now we want to change the
function to the period of 2 1t so that we can use the formulae of a,, b, as discussed in article
12.6.

2 ¢ is the interval for the variable x.

. 1 is the interval for the variable = Zic
. . . 2T T
» 27 is the interval for the variable = > =L
2¢ c
TX zcC
So put z= or x =-—"—
b4

Thus the function f(x) of period 2¢ is transformed to the function

f[ %J or F(z)of period 2 .
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F (z) can be expanded in the Fourier series.

c a . .
F@=f f = 70+alcosz+a20052z + b sinz+bysin2z+...

2n 2m
where aU:lJ. F(z)dZ:lJ f{ﬁsz
T 0 T *0 T
_Lg ) _1(* _mx
= fuod(cJ-c e put 7=
1{2” 1JZ" cz
n = = F dz = — = d
q s (2) cos nz dz . Of(n]cosnx Z

1% nmx [ mx 1 % nwx X
_ch.o f(x)cos d( )— , f () cos s dx. {Putz— c}

c c c

nmx
dx.
c

1 2¢
Similarly, b, =~ [ f(x)sin
(]

Cor. Half range series [Interval (0, c)]
Cosine series:

) X 2 x n X
fkx) = 7+alcos?+a2cosT+...+ancosT+...

2 (¢ 2 (¢ nmx
where a == jo fodx, a, == jo £ () cos ™ ax
Sine series:

f@) = b sin%wz sinZ2% 4 4, sin2EE

2 (¢ . nmx

where b, = " .[0 f(x) sin a dx.
Example 12. A periodic function of period 4 is defined as
f@=|x|, —2<x<2 (x)
Find its Fourier series expansion.
Solution. f@) = |x] -2<x<2 2
fx) =x 0<x<?2
=-X -2<x<0 g’ X

-2 e} 2

@ % fﬁ F()dx = % f: xdx+% j: (= x) dx

0
x> 1| —x2 1 1
|:3:|0+§|:T:|2 = Z(4—0)+z(0+4) =2

nTm
Cc

n nmx

2

X _ 1 2 TX 1 °
dx = > IO xCcos — dx+2 le (—x) cos dx

2

=1 Lsinnnx -] - 4 cos 22X
2|7\ nm 2 n? 2],

868
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1 2 4 0
. NTMX nmex
+§{(—x)(nnsm > j—(—l)(—nznzjcos > }_2
_1 4 _p__4 14 4y
_2{0+n2n2( 1) n2n2}+2{0 n2n2+n2n2( 1)
_l 4 _ no__ 1 _ nl — 4 — 1) —
= Sl == 14 (= 1] = = (-1~ 1]
8 e
=-—a if nis odd.
=0 if nis even
b, = 0 as f{x) is even function.
Fourier series is
fx) = %+alcos%+azcos2nx+...+blsin%+bzsin2nx+...
cos X cos3nx cossnx
8 2 2 2
fx) = 1—; B + B + 3 +... Ans.
Example 13. Find Fourier half-range even expansion of the function,
f@) =(=x)+1, 0<x<L
! l
Solution. ay == | feydx=2[ [-%+1]|ar
U U l
1 I R D1 U D
B A R R YA R B R
2 (! nmtx , _ 2 ! X nmwx
an—lJ.f(x)cos i d =7 0[—l+ljcos i d
!
S22 (x| (LY B
T l nm l l n’m? l 0
29! L 220 o yai=—211—(-1y
_I{O n2n2c05nn+n2n2}—ln2n2[ (-1 +1]_n2ﬂ:2[1 (=11
= 4 when n is odd
n® '
= 0 whenniseven.
1 4|1 tx 1 3nx 1 STx
f(x)—2+n2{12cos 7 +3zcos ] +52°OS ] :| Ans.
Example 14. Find the Fourier half-range cosine series of the function
f@ =21 0<t< I
=2Q2-1), 1 <t<?2 (Kuvempu 1996, AM.LE.TE. Summer 1997 1996)
Solution. f@ =21, 0<r<1

22-1, l<t<?2
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a Tt 27t 3nt
Let f(t):70+a1cos7+azcos7+a3cosT+...
. Tt . 2mt . 3m¢t
+ by sin c + b, sin B + bs sin c +... (1)
Here ¢ = 2, because it is half range series.
c 1 2
Hence ay = % jo fodi =32 fo 2idi+3 fl 2Q-1)dr
1 ANE 2
=[]+ [2(2;—5]} S 1[G = 14@-4—4+1) =2
1
2 (¢ nmt 2 ! nmt
an—EJ.O f () cos dt—zj.o 2tcos > o) dt+—J. 2(2- t)cos > dt

n* m? 2 #m am 2 n?
8 b 8 4
Ifn=1, al——2|:0—1—§j|=—¥—;
If n=2 @ =75 [—1—]_ 16 :_%
_ __38 437
If n =3, a; = 9 2|: 1+ 2 :| 971:2
Putting the values of ay, a;, as, a5 ... in (1) we get
8 4 nr 4 2n 8 4 3nt
f@=1- n2+n cos 5 —nzcos 5 L _9n2+3n cos—H—+... Ans.

Example 15. Obtain the Fourier cosine series expansion of the periodic function defined by
@) = sin(ﬁth, 0<t<I
. . !
Solution. f@ = sm( j , 0<r<1

; I
aozz_[ sin| &L dt=2 —Lcosn—t =—2(cos1'c—cos0)=—2(—1—1)=i
1Y l / T l 0 T T T
t

2 (0 (m nmt , 1 ('[ . (mt nnt) . (nmt me
7'[0 sm[TJ cosTdt—TJ.O{sm[T+ ] ]—sm[ ] _TJ}h

870 Fourier Series

% J. sin (n + 1)—dt—% j sm(n—l)—dt

—

i cos<n+1)ntl—l / Cos(n—l)ntl
Il m+Dmn l o | m-Dm l 0

[cos(n+1)n—cos0]+; [cos (n—1) m—cos 0]

_ -1
_(n+1)71', n-1)mn

_; —_1yr+1 _ ; _1\ynt+1_
RETENTr Lt A e (G

= (—1p+t] - 1 + 1 + 1 _ 1
m+lH)m m-)m | m+DHm m-1m
2 2

=(=-1)t! — — — 1)t -1

(=1 w-H)n #-D=n (nz—l)ﬂ:[( ) ]
-4 .

= ———— whenniseven
mw-Dr

= 0 whennisodd.

The above formula for finding the value of a, is not applicable.

=2 §1nn—tcos—dt—l sinznt
=Tl s 17, I

dt

!
= %(_Lcosgnl‘)oz _ﬁ(cosm‘t—cosO):O:ﬁ(l_1):O

Tt 2mt 3nt 4nt
f(@ = +a1 COS —— + @, COS —— + a3 COs —— +a4cos—+
2 l l [ [
-2 4 lcos—21”+Lcos—4nt+Lcos—67”+ Ans
nom|3 115 I 35 P .
Example 16. Find the Fourier series expansion of the periodic function of period 1
1 1
= - _—— <
fx) 2+x,‘ 2<x_0
= i—x 0<x< L
T2 v 2 (A.M.LE.TE., Winter 1996)
Solution. Let fx) = %+alcos%+a2cosznx+‘..
+b, sinn—cx+bzsin2nx+ (D
1
Here 2¢ =1 or c=5
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C
a = % [ re)cos 2% dx
=C
=L ’ l+x cosnnxdx €L " l—x cosmdx
TR, (2 J 12 12 (2 ] 12

0

1
2 +x|cos2nmxdx+2 ——Xx |cos2nmxdx
Ll A [z J

5 l+x sm2nnx_() cos2nmx\]’
[2 ) 2nm [ 4n’n? H_m

12

1 sin2n Tx —CcoS2nmx
42—y |MRERTX gy ZEB2RTX
“2 x] anm )[ 4 HO
1 (- 1y (- 1y 1 171 (=1
=20+ +2/0- + i1
{ 4 n? 2 4n2n2} [ 4n’nt 4n2nd m| n?2  n?
= nzznz if nis odd
=0 if n is even
1 (¢ . nMX
by = L £ sin 2EX gy

1 0 1 nmx 1 12 . nmMX
2 I—1/2 (2+x)sm 5 alx+1/2 J.o (2—xjsm 5 dx

12
—ZJ. (—+xj§1n2nnxdx+2j (E—x)stnnxdx
1 —CcoS2nmx sin2nmx)1°
=2|| =+ — |- ()| ———
Hz x]( 2nm J ()[ 4 ”71/2
. 12
0 l_x _cos2nmx —(-1) _sm22n7;x
2 2nTm 4n°m 0

SPY [P S S [ N
dnm 4dnm

Substituting the values of ay, a1, as, a, ... by, by, by ...in (1) we have

) = 1+ 2 cosan+c0s6nx+c0s10nx
- T4 2 12 32 52

Example 17. Prove that

=|>~
S
A
=
A
~

I I %
2 = yid ;‘
Solution. fx) =5-x

1 (! 2 (' (1 2
aozl/—zj.of(x)dx=7j.0(§—dex=7

N | —

+‘..l Ans.

872

a, = 75

bl‘l

2
—E{L L cos2n7t—0+i.#(l)}:g{ L }:L
[ nm n [

Fourier Series

L] et a2 [ ( _x)c 28

!

2 [ 1 . 2nmx 2nmx
- _ — f(x
l{(Z x}znnsm +( l)4 2 2 0s = L )

2 12 12
- O—TCOSZHTE-FT .
l 4n’m 4n’m X X
-4 0 ue
2
= %#(—cosZnn+l) = #(—1“) =0

_2 .2
” j £ sin 5% I (_"‘] B

%{(%_x][—z—;ﬁcosz J -1 )[ 4n[27t Sinz,}mjo}

Fourier series is

f) =

+a1cos +a2cos2nnx+a3cos3nnx+...
l/2 2 2
+ b, smnTﬂ;x+b2sin2’;/§x+b3sin 3’;/;x+...
é—x = ésinz?x+#sin4?x+#sin6—?x+...
= ﬁ i %sinzrl% Proved.

Example 18. Find the Fourier series corresponding to the function f (x) defined in
(=2, 2) as follows

Solution.

ag =

f@) =2 in —2<x<0

=Xx in 0<x<2.
Here the interval is (=2,2) and ¢ = 2 f(x)
l c B 1 0 2 P
; '[_Cf(x)d = 2“2 2 dx+ jo x.dx}
1 X 1 X, X
5|:[2x] (5] —5[4+2]=3 5 o Py

2
nm
dx + J. X COS
0

1_[ f(x)cos( ]dx 2{'[ 2 cos 1Y

14 sin 21X + ismnnx+ 4 cosnnx ’
2 nm 2 |, nm 2 a2 |,

xdx}
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b n
= 4 h is odd
= oo when n is o
=0 when n is even.
1 (¢ . MTX 1 ° . nmx 1 (> . nmx
b,,—CJ._cf(x)sm c dx-2I_2251n dx+2f0 xsin— dx
1 2 ’ 1 2 4 ?
nTXx nmXx . NTMX
_5{2[ nnCOS > ]}2+2{x[ nTcCOS 2 j +(l)n2nzsm > L
L —i+—cosnn +l ———cosnm+ sinn T Y R
2 nm nm 2 n 2 m2 2 nm nm
f(x)=%+alcos +a, cos x+a3cos Ly
+b1sinM+bzsin nx+b3sin +..
c c :
3 4 Lcosﬂ+ic 3TUC+
2 w212 2 32 2
2 lsinﬂ+lsin2nx+lsin37Tx+ Ans
nll 2 2 2 3 2 )
Example 19. Expand f(x) = e in a cosine series over (0, 1).
Solution. fx)=¢" and c=1
2 (¢, 2 (1
aozzj‘o f(x)dszJ.O efdx =2(—-1)
2 (¢ nmx 2 ¢ . nmx
a,,—CJ.Of(x)cos c dx—l_[o e* cos 1 dx
! 1
=2| 5———@mnsinnmTx+cosnmx) | =2 L(nnsinnn+cosnn)—;
P+l 0 P+ 1 P+ 1
2
=—[(-1D"e-1
n2n2+1[( yle-1l
f(x)=%+a1cosﬂ:x+azcos2nx+agcos3nx+ ..........

exze—1+2{

873

2
2} = 2n2[(_1)n_1]

1y 4 cosnm— 4
2| n2n? n?

e e— —e—1
211 COSTEx+mCOSZTEX +mCOS3TEx+...i| Ans.
T

Exercise 12.4

1. Find the Fourier series to represent f (x), where

2 Find the half-

—c<x<0

fx) =-a

=a 0<x<c 1 3mx
—+

4al . mx . 1 . 5nx
Ans. —| sin——+=sin —sin——+...
T c 3 c 5 c
range sine series for the function

fx) =2x-1

0<x< 1

874

»

4. Find the Fourier series of the function

-2 for
fx) = x for
2 for

8

Ans i+—sinM——§m +| ————|sin ——35
‘nomw 4 m© o 4 [311 Fr | 4 2mn 4

5. Find the Fourier series to represent
f(x) =-2  from

6. Iff(x) =e™™ —c < x < c,show that

1

10 = @] 7 -

Fourier Series

Ans. _2 sin2nx+lsin4nx+lsin6ﬂ:x+
T 2 3

Express f(x) = x as a cosine, half range series in 0 < x <2.

8

-4 <x<-2

X 2

-2<x<?2
2<x<4

2 . 2mx 4 8 3nx 2

. 4mx
mn——+...

Ans. _z_16 cosM—lcosTt)HicoswwC
T3 22 4 9 2

L mx 1 2mx
A+ c A +4n?

1 .
—7'E(C2_H_E2 sin

¢ A+an’

sin @ ] } (Hamirpur 1996, Mysore 1994)

7. A sinusodial voltage E sin o ¢ is passed through a half wave rectifier which clips the negative portion of
the wave. Develop the resulting portion of the function

when —Z<t<0

u( =0 5
= Esinmt when O<t<I T:E
2 ® (Mangalore 1997)
E E . 2E 1 1 1
Ans. n+2 sinw ¢ — n [ 1.3c05200t+3.5 cos4mt+5.7cos6u)t+...}

8. A periodic square wave has a period 4. The function generating the square is

f@® =0 for -2 <t<-1
=k for -l<t<1
=0 for 1<t<?2
Find the Fourier series of the function. Ams. f() = k + 2k { cos me 1 cos 3nt . }
2 7 2 3 2
9. Find a Fourier series to represent x? in the interval (- , I). (Nagpur 1997)
Ans. L4 {cosnx—MJr—cos 37‘51
3 n? 22 32

12.11. PARSEVAL’S FORMULA

I vora

Solution. We know that £ (x)

Multiplying (1) by flx), we get

1 o
C{Z ag +"§l (a%+b% )}

oo

o nmx .
-+ (an cos - + b, sin
1

2

n=

nmx
. ) (D
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FOP = %f(x) +Za, f()cos PEE LS b, F(x) sin 22X (2)
n=1 n=1
Integrating term by term from —c to ¢, we have
I [f )] dx = % I f@)dx+2 a, _[ f () cos RRX ix
-c -c n=1 -c
o c
+2 b, [ feosin P ax 3)
In article 12.10, we have the following results
c
_[ fX) dx = cay
—-C
_[ f(x) cos RTX iy = cay
¢ nmx
[ f@sin dx = cb,
-c
On putting these integrals in (3), we get
f [f )2 dx = c—+z ca,,+2 b =c @, 5 (a3 +03)
2 2 n=1
This is the Parseval’s formula
2¢
Note. 1. If 0 <x < 2c, thenJ. [f ()1 dx = c{—+2 (aﬁ+bﬁ)
0 n=1
. 2 c a(z) z 2
2.1f 0 < x < ¢ (Half range cosine series) f fer = ) 7+aa”
‘ 2 R
3. If 0 <x < ¢ (Half range sine series) J.o [f()) dx = 3 7+Z‘ b;
n=1
b 2
[ oo ax
4. RM.S.= |-+———
b-a
Example 20. By using the sine series for f{x) =1 in 0 < x < T show that
o 1 1 1 . J
T = 1+§+§+?+ ...... (Hamirpur 1996)

Solution. sine series is f(x) = Z b, sinnx

2 " .
b, == s dx
"= J.o f(x) sin nx

T

JU
-2 f (1) sinnxdx = 2 (M] =22 cosnmm—1]==2 [= 1)y -1]
T %0 T n o nt nim
= 4 if n is odd
nT

=0 if n iseven
Then, the sine series is

876 Fourier Series

1= isinx+isin3x+isin5x+isin7x+ ......
T 3n Sm n

f PP dr = S0 +03+ 03+ 07+ D+ ... ]
0

™ b
.[0 (17 dx = 5{

m? 1 1 1
g = 1+32+52+72+ ...... Proved.
T , o<x<l

Example 21. If f (x) = {n'(Z -x), I<x<2

using half range cosine series, show that

1 ] +L 1 + _nt
]4 FTgat =96
Solution. Half range cosine series is
a
fx) = 70+Z a, cos nmx
1
where aozz.rf(x)dng _[ Ttxdx+'[2ﬂ:(2—x)dx
¢’y 21 1
1 2
X2 X2 T 1
=1 (zjoﬂt[bc— 2}1 = 2+7{(4—2)—(2—2H
=7
2
a, == | f(x)cos X i
[S0]
_ 2 ! J‘Z nmx
=21, TLX COS —2 L+ ) 1 (2 —T) cos 3 dx}
1 —
sin Tt x — cos LY sin LR X e LTLX
2 2 2 2
=T - +m|(2- -(-1
2 4 2 4 :
—nlsmﬂ+ 4 cos ™ _ 4 _ 4 cosnn—lsmﬂ+ 4 cos™®
nm 2 n2n? 2 P n? m? nm 2 n?n? 2
=T Lcosﬂ—i—icosmt -4 2cos 2 _ 1 —cosnm
T e 2 npPm? nim? T ?nm 2
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a =
_[;[f(x)]zdx—
1 2
[ qapav+| m@-w2ax =
0 1
2 ﬁl_ =Xt _
[ I R 1‘
o)

2n2 2
3

J
2
2
6

T

kS

(o)}

877

,a3=0,a4,=0,a5 =0, ag = —.....
on

002—

cla,
5 7 +a2+a3+......

Ans.

Example 22. Prove that for 0 < x < T
T [cos2x  cosdx | cos 6x
(a) x(m—x) = s |1 > + 3 +:|
8| sinx | sin3x | sin 5x
b)) x(m—x) = — T+T T+:|

Deduce from (a) and (b) respectively that

Uil

1
(c) nig =20 (d)niﬁ =95

Solution. Half range cosine series

al

a

ay

Hence, x (T —x)

2 Jﬂ x (T —x) cos nxdx
T %0

s

g{(m_xz) sin nx —(r—2x )( czsnx] (_2)( s1nnle
)
— 1y 2
{0—“(#) +0—%}=;[%J[—(—1)”—1}

—4
v

[No A

a

when n is even

n
0 when n is odd
n_2_4 cos 2x  cosdx

6 Tt g e

878

By Parseval’s formula

JU
%J. X2 (- x)? dx
Yo

7T
% _[ (M2 x2-2n 23 +x) dx =
0

2w 2mat X i (11
- +| = =t gt
n| 3 4 5 18 |1* 24
2/n 2 | m [l 1 1
n{.’) 2 5}_ 18+[14+24+34+ ...... }
AT AR
B-® 7

(b) Half range sine series

b, = 2 r x (T —X) sin nxdx

2{(1” xz)[ cosnxJ (- 2)[ sn;nx}
T n
2 D" 2 4
==/-2 +—=|= ' +1
n n’ n} nn[( ) ]
_ 8
nn
=0
X(u—-x) = 8|sinx  sin3x sinSx+
e > 5
By Parseval’s formula
2 (5 2
= —x)%dx = X b?
nJ.Ox(n x)* dx
7t_2_64 1 1.
15 g 16 36
mwo_ 1. 1.1
960 ~ 16 ' 36 ' 56
! 1 (L, 1
LetS—1 264—3 +46+ ...... [ +36+56+ ...... J +[
o 1 1 1
$=%0" ( Tt
S
~ 960 " 64
g S _m 03 _
64 ~ 960 64 ~ 960

or

n=1

+(-2) %%

COos nxl.

2

ot 1
960 26

Fourier Series

when n is odd

when n is even

[11

1
36

-]




Fourier Series 879
g ™ 64 _
960 63 945
| t
2:11n6 = 945 Proved.

_C_4 + e 1 oM
r=3 5 | cos 3 cos 5 -
and deduce that
(z)i+L+L+ :n_“ (ii)i+L+i+i+ -
14 34 54 o 96 14 24 34 44 90

12.12. FOURIER SERIES IN COMPLEX FORM
Fourier series of a function f(x) of period 2/ is

X 2mx nTX
f) = +a1cos T, tazcos T +apCOS T
2 mx . NmX
+ b sin— ] +b251nT+ ...... +b,,s1nT+ ...... .. (1)
eix +e ix . eix —e ix
We know that cos x = - and sinx = i
On putting the values of cos x and sin x in (1), we get
X — inx 2imx — 2imx inx imx 2imx — 2imx
e +te 1 e +te | e —e] €] —e ]
X —+a +a +...+b - +b - + e
S = 1 2 2 > 1 2 p) 2

) . i . 2imx . — imx .
=?+(a1—lb1)e; +(a2—tb2)el +....+(a1+zbl)el +(a2+zb2)e T

inx 2imx imx 2inx
=cyptcrer +tcpe i +.....+C_1e +c,e 1 +.
— inmx
—co+2 cnez +Z c_,€ 1
n=1 n=1

Cy = E(a"_ ibn), c_p = %(an+ibn)

_112[ iJ‘ﬂ . T _11J‘ZZ nmx . . X
Cp E{TJ.Of(x)cos -1, f(x)sdex = a=57 0f(x) cos =~ —isin—— dx
1 ! —inmdx
=77 Of(X)e ]

L™
Cfn_zl Of(x)e l X

Example 23. Obtain the complex form of the Fourier series of the function

f(x):{(l) —T<x<0

0<x<m

880 Fourier Series

Solution C L ndx = L
) "7 o Y 2

C, = i Jd_ln fx) e dx

- % DO O-e’l‘n}fdx+Jﬂ I.Eimdx:|:i J"‘ g = i{e_:r’ﬂ:

-n 0 0

— in 1 _ — —1 n__
——%[e m 1]_—2nm[cosmc 1]_—2 [( 1) 1]
_ L n isodd
=1 inm
0 , niseven
1 1 eix eSix eSix 1 e ix e 3ix e~ Six
X) = -+—|—+ + Fovn [+ — + + +......
f® 2 m{l 3 5 :|i7't|:—1 -3 -5 }

% — i |:(e”C —e i") + % (em —e 3”‘) + % (eSi"‘ —e 5”‘) F o :| Ans.
Exercise 12.6

Find the complex form of the Fourier series of
L f(x)=e", —1<x<1 Ans. 7(11)"_(712@

g 2 eZtr +e 2it e41t+ e 4it e6l! +e 6it N
T

sinh 1 - "™

2. = e, —l<x<l A
fe) = <rs TR 13 35 5-7

. e — 1y Kim(
Ans. Lsinan + = (2)72
T

3. f(x) =cosax, —M<Xx<T
e A°—N

12.13 PRACTICAL HARMONIC ANALYSIS

Sometimes the function is not given by a formula, but by a graph or by a table of cor-
responding values. The process of finding the Fourier series for a function given by such values
of the function and independent variable is known as Harmonic Analysis. The Fourier constants
are evaluated by the following formulae :

) %=ifmfwm
= _[ f(x)dx {MeanzLJ.bf(x)dx}
2TC 0 b-a a
or ap = 2 [mean value of f(x) in (0,2 m)]
@) a =+ fznf(x) cos mxdx = 2 fznf(x) cos nx dx
T Yo 2n-0 Yo

a, = 2 [ mean value of f(x) cos nxin (0, 2 )]

J. f(x) sin nx dx

3) b, = 1 J. f(x) sinnxdx = 2

b, = 2 [mean value of f(x) sin nx in (0,2 )]
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Fundamental of first harmonic. The term (a; cosx + b; sin x) in Fourier series is called
the fundamental or first harmonic.

Second harmonic. The term (a, cos 2 x + b, sin 2 x) in Fourier series is called the second
harmonic and so on.

Example 24. Find the Fourier series as far as the second harmonic to represent the
function given by table below :

x 0° 30° 60° 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330°
f(x) | 234 | 301 | 3.69 | 415 | 3.69 | 220 | 0.83 | 0.51 | 0.88 1.09 1.19 | 1.64
Solution
x° sin x sin 2x cos x cos 2x f(x) fs S;:C)x {11(1)6)2)«7 { ((;;) x { 0(:)2)6
0° 0 0 1 1 234 0 0 2.340 2.340
30° 0.50 0.87 0.87 0.50 3.01 1.505 2.619 2.619 1.505
60° 0.87 0.87 0.50 -0.50 3.69 3210 3.210 1.845 | —1.845
90° 1.00 0 0 —-1.00 4.15 4.150 0 0 -4.150
120° 0.87 -0.87 | -0.50 | -0.50 3.69 3210 | —3.210 | —1.845 | —1.845
150° 0.50 -0.87 -0.87 0.50 2.20 1.100 | -1914 | —-1914 1.100
180° 0 0 -1 1.00 0.83 0 0 -0.830 | 0.830
210° -0.50 0.87 -0.87 0.50 0.51 -0.255 0444 | -0.444 0.255
240° -0.87 0.87 -0.50 | -050 0.838 -0.766 | 0.766 | —0.440 | —0.440
270° -1.00 0 0 -1.00 1.09 —1.090 0 0 - 1.090
300° -087 | -0.87 0.50 -0.50 1.19 -1.035 | -1.035 | 0595 | -0.595
330° -0.50 -0.87 0.87 0.50 1.64 -0.820 | —1.427 1.427 0.820
25.22 9.209 -0.547 3.353 -3.115
ay = 2 X Meanoff(x) = ZX% = 4.203
a; = 2 X Meanoff(x)cosx = 2><3'13253 = 0.559
a, =2 x Meanoff(x)cos2x = 2 x% = —-0.519
by = 2 x Meanoff(x)sinx = 2><9'12§9 = 1.535
by = 2 x Meanof f(x)sin2x = ZX% = —0.091

Fourier series is

a . .
fx) = ?O+a] cosx+apycos2x+... +bysinx+bysin2x+...

= 2.1015+0.559cos x—0.519cos 2 x + ... + 1.535sinx - 0.091sin2x + ... Ans.
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Example 25. A machine completes its cycle of operations every time as certain pulley
completes a revolution. The displacement f (x) of a point on a certain portion of the machine
is given in the table given below for twelve positions of the pulley, x being the angle in degree
turned through by the pulley. Find a Fourier series to represent f (x) for all values of x.

X 30° 60° 90° 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360°
f(x) | 7976 | 8.026 | 7204 | 5.676 | 3.674 | 1.764 | 0.552 | 0.262 | 0.904 | 2.492 | 4.736 | 6.824

Solution.

x| sinx |sin2x |sin 3x| cosx | cos2x cos 3q flx) | fix)x | fix)x | fix) x | fix)x | fix)x | fix) x
sinx | sin2x | sin 3x | cosx | cos 2x | cos 3x

30° | 050 | 087 1 087 | 050 | O | 7976 |3.988 | 6.939 | 7.976 | 6.939 | 3.988 0
60° | 087 | 0 0 | 050 |-0.50| —1 | 8.026 | 6.983 | 6.983 0 |-4.013| 4.013 [-8.026
90° | 1.00 | 0.87 | -1 0 -1 0 |7.204| 7204 0 |-7204) 0 |-7204] O
120° | 050 |-0.87| 0 |-050|-050| 1 |5.676|4.938 |-4939] 0 |-2.838|-2.838| 5.676
150° | 050 [-0.87 | 1 |-087| 050 | O |3.674 | 1.837 |-3.196|-3.196|-3.196| 1.837 0
180°| 0O 0 0 -1 1 -1 | 1.764 0 0 |-1.764|-1.764| 1.764 |-1.764
210° |-0.50| 0.87 | -1 |-0.87| 050 | O | 0.552 |-0.276| 0.480 | 0480 |-0.480| 0.276 0
240° |-0.87 0.87 | 0 [-0.50(-050| 1 |0.262 |-0.228| 0.228 |- 0.131|-0.131| 0.131 | 0.262
270° |-1.00| 0O 1 0 -1.00 | 0 | 0.904 |-0.904| O 0 0 [-0904| O
300° |-0.87|-0.87| 0 | 050 | -0.50 | -1 | 2.492 |-2.168|-2.168 | 1.246 | 1.246 |-1.296 |-2.492
330° |-0.50|-0.87 | -1 | 0.87 | 050 | O |4.736 |-2.368|—-4120| 4.120 | 4.120 | 2.368 0

360°| O 0 0 1 1 1 |6.824 0 0 0 6.824 | 6.824 | 6.824
X | 50.09 [19.206 | 0.207 | 0.062 [14.733| 0.721 | 0.460
ay = 2xMean valueof f(x) = 2x 501'39 = 8.34
a; = 2 xXMean value of f (x) cos x = 2 X 141';33 =245
a, = 2x Mean value of f (x) cos 2x = ZX% =0.12
a; = 2 xMean valueof f(x) cos 3x = 2X 0'f260 = 0.08
by = 2 xMean value of f (x) sinx = 2 X 19i2206 =3.16
b, = 2 xMean value of f(x) sin2x = 2 % = 0.03
by = 2 xMean value of f (x) sin 3 x = ZX% = 0.01

Fourier series is

a . . .
f(x)=70+a1cosx+a2c052x+a3cos3x+...+b1 sinx+b,sin2x+bysin3x+...

=4.17+2.45cosx+0.12 cos 2 x+0.08 cos 3 x + ..
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+3.16sinx+0.03sin2x+0.01 sin3x+... Ans.
Example 26. Obtain the constant term and the coefficient of the first sine and cosine

terms in the Fourier series of f(x) as given in the following table.

884 Fourier Series

3. The following values of y give the displacement in cms of a certain machine part of the rotation x
of the flywheel. Expand f(x) in the form of a Fourier series.

N 0 n o 3n an sn
6 6 6 6 6
f(x) 0 9.2 144 17.8 17.3 11.7

Anbs. f(x) = 11.733 -7.733 cos 2 x—2.833cos4 x + ...
- 1.566sin2x-0.116sin4x + ...

4. Analyse harmonically the data given below and express y in Fourier series upto the second harmonic.

14 2n 47 5
X 0 3 3 T 3 3 2n
y 1.0 1.4 1.9 1.7 1.5 1.2 1.0

X 0 1 2 3 4 5
f(x) 9 18 24 28 26 20
Solution.
xXm . Tx X . Tx . Tx
X 3 sin—- cos - f(x) fx) sin 3 f ) cos 3
0 0 0 1.0 9 0 9
1 g 0.867 05 18 15.606 9
2 23—71 0.867 -05 24 20.808 -12
3n
3 3 0 -1.0 28 0 -28
4 43—7T -0.867 -05 26 —22.542 -13
5 53—71 -0.867 0.5 20 —17.340 10
= 125 —3.468 -25
125

ay = 2Meanoff(x) = 2XT = 41.66

a; = 2 Mean of f (x) cos % =2x _625 = -833

by = 2 Mean of f(x) sin% = 2x% = -1.156

Fourierf{eyies %Q +a; cos X4 + by sin X4 .
3 3
= 20.83—8.33cos%+...—1.156sin%+.,. Ans.
Exercise 12.7
1. In a machine the displacement f (x) of a given point is given for a certain angle x° as follows:
x° 0° 30° 60° 90° 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330°
f(x) 79 8.0 7.2 5.6 36 1.7 0.5 0.2 0.9 2.5 4.7 6.8
Find the coefficient of sin 2 x in the Fourier series representing the above variations. Ans. —0.072

2. The displacement f(x) of a part of a machine is tabulated with corresponding angular moment ‘x’ of

the crank. Express f(x) as a Fourier series upto third harmonic.

x° 0° 30° 60° 90° 120° | 150° | 180° | 210° | 240°

270°

300° | 330°

f(x) | 1.80 | 1.10 | 030 | 0.16 | 0.50 | 1.30 | 2.16 | 1.25 | 1.30

1.52

1.76 | 2.00

Ans. f(x) = 1.26+0.04cosx+0.53cos2 x—0.1 cos3x+...
—0.63sinx—0.23sin2x+0.085sin3x+...
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Laplace Transformation

13.1 INTRODUCTION

Laplace transforms help in solving the differential equations with boundary values without

finding the general solution and the values of the arbitrary constants.
13.2 LAPLACE TRANSFORM

Definition. Let f(#) be function defined for all positive values of ¢, then

oo

F(s) = jo e F ) di

provided the integral exists, is called the Laplace Transform of f (7). It is denoted as

=

LIf(O] = F(s) = IO e~ f (1) dr

13.3 IMPORTANT FORMULAE
!

() L) = % @) L) = s”—+ whenn=0, 1,2, 3....

1’

s =

3) L(e%) = #a

N
4) L hat) =
) L(coshar) = o=
(5) L (sinhar) = =2
S2_a2
6) Lsin (af) = ——
(6) L sin (at) o
N
7 L =2
(7) L (cos at) Ti 7

1. L) =lY

° - st

Proof. L(l)=] 1.e z:{e } -1
0 N

1

Hence L) = N

n!
g+l ’

2. L@ = where n and s are positive.

885

(s > a)
& > a)
> a)

(s >0)

s > 0)

I
© =

Proved.

886

or

Laplace Transformation
Proof. Ley=[ evra
0
Putting st=x or t=2% or dtzﬂ
s s
n
“ o (x) dx R T R
Thus, we have, L (") = J.o e [?] - or L) = E _[0 e . X"dx
! - —-x
L@ == nl IO ¢ XA ] proved
s and n+l=n!
3. L% = L where s > a
s—a

oo oo

Proof. L(e") = | e evdr=[ e+ dr
0 0

oo

i i —(s—a)t “
=_[ e(_’H”)’.dt:J. e~ G-t gi=| & = - 1 1
0 0 —(s—a) 0 s—al e$-91 0

==L o-1=-1 Proved
(s—a) s—a
4. L (coshar) =
at —at at —at
Proof. L (coshar) = L{%} ( - coshar = £ +28 J
_l ar l —-a
—ZL(e )+2L(e ]
1 1 1 1
- = + L ary —
2{s—a s+a} |: @) s—a}
_ 1| s+a+s—a | s
= 5{ Eyp } =a_p Proved.
5. L (sinhaf) =
(sinh ar) o

Proof. L (sinhar) =L |:% (e"—e~ ) :|

l ary _ —at _l 1 _ 1 _l sta—-s+a
> [L(e)~L(e )]_2|:s—a s+a:|_2|: 2_ g }

= Proved.

. a
6. L(sinat) = ——
( ) s+ a?

iat __

. e e~ iat . jat _ e~ iat
Proof. L (sinar) = L{ T } { s osinat = T }
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= S [L (e~ )] = 5 [L (@)~ L (e~ 0]

_ 11 1 _ 1 st+ia—s+ia
T2

2i| s—ia s+ia 2+ a?
1 2ia a
- ﬁs2+a2 - 2 +a? Proved
K
7. L(cosat) = ——
(cos ar) s2+a?
iat —iat iat —iat
Proof. L (cosat) = L(%] { cosar = %}
1 . » 1 ) .
— E[L(e"“+e tat)] — E[L (elal)+L(e zal)]
_1 1 + 1 _ls+iat+s—ia
2| s—ia s+ia 2 2+
s
=2 Proved
2+ a?

Example 1. Find the Laplace transform of f(t) defined as
£ = é when 0< 1<k

1, when t>k (Mangalore 1997)

Solution.

k
ro_ 1 e e e
t=JJ<—""dt+ 1-e%dt= t —Jk dr|+
o< f g e 4 o] £l [
0

=

-

_ l kefks_ et +efk.s_ l kefks_efsk-'—i +€7ks
k| -5 s s k| —s 28 s
0

e—ks

N

=# [-e*+1] Ans.
s

Example 2. From the first principle, find the Laplace transform of (I + cos 2 1).
Solution. Laplace transform of (1 +cos 27¢)

i bl 2 it =2it
= j e_“’(1+c082t)dt:I e“’[l+%]dr
0 0

1 ¢~ ; ; 1
- Qe+ (—s+21)r+ (—s=2i)t dt=— +
2".0 [2e ¢ ¢ ] 2{ -5 —-s+2i —s-2i

Mo+%]+_1 O 1) +— (0—1)}
2

Dot ol—s+2i) e(—s—Zi)r:|m
0

N | —

s+21i -s5s-21i

2,1 1 (_1[2, 25
s s=2i0 s+2i 21 s 2244

N [ —

888
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s 252 +4

4 s(sP+4)

_ 1 + Ans.
N

13.4 PROPERTIES OF LAPLACE TRANSFORMS

M Llafit)y+bfr(®] =aLfi®Ol+bL[f ()]

=

IO e~ lafy () +bf (1)

a]

=St f, (i) di + b f: =5 £, (1) di
0

=aLfi®)+bLf(2) Proved
(2) First Shifting Theorem. If Lf(r) = F(s), then
Lle“f()] = F(s—a)

=

Proof. Lief@) = | e enf@ydi=| e-otfaydr
0 0

Proof. Llafi(®+bf, (1)

oo

wherer = s—a

- f: e~ F(6) di

=F@r) =F(s—a)
With the help of this property, we can have the following important results :
y _ n! _n!
DL = =T {LO”)—W]}
(2) L (e cosh by = ——4— 3) L (e sinhb) = —2
(s—a)*—b? (s —a)? - b2
. b s—a
(4) L(e‘” sin bl‘) = m (5) L(e‘” Cos bl) = m
Example 3. Find the Laplace transform of cos t.
Solution. cos2t = 2cos?t—1
cos?t = %[cos2t+ 1]
5 1 1
L(cos’s) = L[E(COSZI+I)J = 5 [L(cos2n)+L ()]
1 s 1 1 s 1
== +—| == +— Ans.
2{S2+(2)2 S} 2{s2+4 S}
Example 4. Find the Laplace Transform of t’%‘
Solution. We know that L () = "1
)
_ l + 1 |_l J—
D PV B P ] L
Putn = 2,L(t ) = TR e where ) =\n Ans

Example 5. Find the Laplace Trnasform of t sin at.
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Il
~

iat _ ,—iat
Solution. L (¢ sin af) [ teTJ = Lz [L(t. e — L (te™ 4]
} _ i[ (s +ia)? — (s — ia)®

(s — ia)? (s + ia)?

_ L
T2 [(s—la)2 (s+wz)2
(s

B L +2ias—a*) — (s> -2 ias — a?)
T2 (2 + )
1 4ias 2 as

= — = Ans.
2i(s*+a?)?  (s*+adP)
Example 6. Find the Laplace Transform of £ cos at.
iat —iat
L (2 cosaf) = L(IZ.W =

Solution. % [L (2. e+ L (2 e~ian)]

2

_1r_ 2! 2! _ (s+iaP’ + (s —ia)’
2 { (s —ia)y® (s +ia)® } (s —ia)? (s + ia)?
_ ($*+3ias’ -3 a*s—ia®) + (s* — 3 ias* -3 a®s +id’)
(s + a?)?
3_6 .2 2_3 .2
_232 62a3s=2s(; 321) Ans.
(s=+a*) (s + a)’
EXERCISE 13.1
Find the Laplace Transforms of the following:
1 2.6 . 1
L t+7+7 Ans. S+5+7. 2. sintcos? ns. 5
3. Pe2 Ans, —° 4. sin’2: Ans, — B
(s+2) (s*+4) (s°+36)
- B . ;2_
5. e 'cos’t Ans. —— ¢ > s+ 1 6. sin27cos 3¢ Ans. 4—“ : 25
25+2 282+4s+10 (2+1) (5 +25)
125 s—a s+a

7. sin2tsin3¢t Ans

. m 8. cosat sinhatr Ans. l{
s s

i 6
9. sinh® ¢ Ans, ———
. (*-1)(s*-9)
2
10. costcos?2t .. s(s°+5)
(s> +1) (s*+9)
2
11. cosh at sin at Ans a(52+2a)
st + 4a*
2 0<t<?2 S o
12. f() = j1-1 2<1<3 Ans. 55— (2+35+3s) +—5 (55— 1)
7 >3 7S s
cos(t—z—n) t>2—7T
) = 2ms
13. 1) = : N Ans. e - 2S
0 t<2—7.E sc+ 1
3

13.5 LAPLACE TRANSFORM OF THE DERIVATIVE OF f (f)
LLf 01 = sLLf@O1-f(0) where L[ f ()] = F(s).

G-alf+d (s+al+a

d

890 Laplace Transformation

oo

Proof. LIf ()] =] e f (i
0

Integrating by parts, we get

oo

LI @l =[ e f@ ], =] (-se)f@ar

oo

= —fO)+s | e tf@ydr (e~f(1)=0, whent=co)
0
=-fO)+sLf @
or LIf 0] = sLf(@®)~-f(0). Proved

Note. Roughly, Laplace transform of derivative of f(¢) corresponds to multiplication of
the Laplace transform of f(¢) by s.

13.6 LAPLACE TRANSFORM OF DERIVATIVE OF ORDER n.

LIf 0] = S"LIfOI ="' fO)=s"2f (0) =57 (0) — ... —f"~1(0).
Proof. We have already proved in Article 13.5 that
LLf 0] = sL1f®]-f(0) (1)
Replacing f(z) by f’ (¢f) and f’ (¢) by f” (¢) in (1) we get
LIf" 0] =sLLf O1-f(0). -(2)

Putting the value of L[ f’ ()] from (1) in (2), we have
LIf”®] = slsLIfOI-fO)]-f"(0)
or L{f"®] = sLIf (l)]-Sf(O) —f (©)
Similarly LIf”®] = SLIfO]-s2f0)=sf (0)—f"(0)
LIf"@01 = s*LIfO1-5f0) =2 f" (0)=sf" (0)—f"" (0)

LIf"®] = s"LIfO1=s""1f(0)=5""2f"(0) =" f" (0)
— = f"71(0)
137  LAPLACE TRANSFORM OF INTEGRAL OF f (1)

L“: 1) dt} = %F(s), where L [£()] = F (s).

Proof. Let o) = J.t f@®dt and ¢ (0) = 0 then ¢ () =f()
0

We know the formula of Laplace transforms of ¢’ () i.e.

L1 @] = LI ()] =0 0)
or LI 0] = 5L [0 ()] 0 = 0]
or LIO@] = TL1o' 0]

Putting the values of ¢ (¢) and ¢’ (f) we get

LUOf(t) dt} = éL[f(t)] or LUO £ dt} = %F(s) Proved.

Note. (1) Laplace Transform of Integral of f(¢) corresponds to the division of the Laplace
transform of f(¢) by s.
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13.8

or

@ J 1o = L{%F(s)}

LAPLACE TRANSFORM OF . f(#) (Multiplication by £)
If LIf@®)] = F(s),  then

LLAS©] = (1Y S 1P )

Proof. LIf()] = F(s) = fw e () dt (D)
0

zz ”

Differentiating (1) w.r.t. we get

sror=gl[ eroal= [ Senroa

oo

= J: (—te ™). f@®)dt = JO e [ —t.f(H)]dt
=L[-tf(n] or LIf®)] = (—1)1%[F(s)]
Similarly L [2f(0)] = (- 1)2 [F ()]

LItfo) = (- 1y L yeI8a0)

Lf@®] = (=1)" i [F(S)] Proved.

Example 7. Find the Laplace transform of t sinh at.

Solution. L (sinhat) = 7 f o
. d a
L [t sinhatf] = —g( -2 j
. 2 as
L [z sinhat] = m Ans.
Example 8. Find the Laplace transform of £ cos at.
Solution. L (cosat) = R
d? s d(*+ad’). 1-s2s) _d a*-5*
2 —(_1ea- -
L (l COoS at) ( 1) ds2 { sz + 612 :| ds (S + 02)2 dY (S + (12)2
_ (FP+a®P (=285~ (@®=5).2(>+d%) (25) _ 28 -2a*s-4d’s+45
(8> +ad)* (s*+ %)}
2_3.2
:—2s(2s 3?) Ans.
(s7+a’)
Example 9. Obtain the Laplace transform of
e . sindt.

892
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Solution. L (sin4¢) = L(¢'sindt) = . S
) s£4+16° (s—12+16
. d 4 4(25-2)
L(te'sindf) = —— =
(e ) S TGV 25t (Po2s 117
L(?esindr) = —44L__25=2

_4$(s2—2s+17)2
_4(s2—2s+17)22—(2s—2)2(32—2s+17)(2s—2)
(s2=2s5+17)
-4(Q2s2-45+34-852+165-8
(s2-2s+17)
—4(-62+125426) 8(32—65—13)

= = Ans.
(s2=2s5+17)>° ($2-2s+17)
EXERCISE 13.2
Find the Laplace transforms of the following :
. 4s . 2as s +ad
1. tsin2¢t (Madras 2006) Ans. W 2. tsinat Ams. m 3. tcoshat Ans. © i oy
2 _
4. tcost Auns. 52—12 S. tcosht Ans. 52—“2
(s“+ 1) (se=1)
2
6. Fsint Ans, 2851 7. P e Ams, O
(s*+ 1) (s+3)
. 1I[1  s*-36 . 2a(s—a)
8. tsin’3¢ Ans. | - 9. e t Ams. - 1
s ) { s (s*+36)? } s » (s*-2as+2a%?
t
1. [ e s an Ans, 36+2) L S
0 2s [(s+2)+9] [(s+2)"+1]
2
11. re'cosht S;—2—3+2
(52 +25)*
12. 2e¥cost Ans. 2 (82 + 10 52 + 255 + 22)
(s +4s+5)°
13. (a) Laplace transform of /' ¢~ “ is
_In n+1)! ...on! . n+1 .
- —_ Ans.
OGray Dva vy M) srar e ()
(b) Laplace transform of f(f) = te“ - sin (at), t>0
. 2a(s—a) a(s—a) s—a . (s —ay’ .
Ans.
@ [(s —a)* +a* T @ (s—a)>’+d* () (s —aP+d (W) (s—a)’+ad ns. ()
(¢) Iff(x) = x* P (x), where P(x) has derivatives of all orders, then L{ TAC; )} is given by
i) S LIf(x)] (i) s* L f (x) (i) s* L [ (x)]  (iv) none of these. Ans. (i)
(d) The Laplace transform of ze ™' cosh 2 # is
, s’ +25+5 . 82=25+5
t S S
O+ er2so3y D e r2s-37
4s+4 4s—4
(@ (s> +2s5-3)%" ™) (s +25-3)? ns. (9
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139 LAPLACE TRANSFORM OF % f () (Division by ?)

It L{f(®)] = F(s), then LH f(t)} = f:q F(s)ds

oo

Proof. LIf()] = F(s) or F(s)=| e 'f(dr (D)
0

‘5’

Integrating (1) w.r.t. ‘s’, we have

oo

Joroa=["]]

- j: Um e-“f(t>ds}df = f: [ﬁ—rz t T .

- j: #Q[eﬂ'rdr - f: :@[O—e*“’] dt

- j: e-s’{%.f(t)}dz - L[%f(z)}

or LH f(t)} - F@as Proved

e Y f(2) dt}ds

Cor. L-! fw F(s)ds = %f(z)

Example 10. Find the Laplace transform of ——— sin Zt .
Solution. L (sin27) = 2
s2+4
sin2 ¢ <2 1 s7”
Ll —— | = =2.= 1=
(B wae 2w
=|tan"leo—tan 'S | = S —tan-12
2 2 2
= cot ™! % Ans.
sin ¢
Example 11. Find the Laplace transform of f(t) = J.r dr.
. . 1
Solution. Lsint = —
se+1
sin ¢ ~ T
psing _ i o] =T a5 = cor’
; J..Y S ds [tan SL=3 tan!s = cotls
LJJ S = icot’l s Ans.
o N

1—cost

Example 12. Find the Laplace transform of p

894 Laplace Transformation

s
s2+1

(I-cost) _ (" (1_ 1 ’
Lit —J‘S P s2+1 ds = | logs 2log(s +1)

oo

=l[logsz—log(s?'+1)]m:l log s
2 s 2 s2+ 1

Solution. L (1 —-cost) = L(1)—L (cos?) = ——

oo

s

oo

2

1 1 52 1 s
== log————= =—{0—log2—}=——log2—
2 s2(1+%) 2 sc+ 1 2 se+1

N

. 1 —cos? 1 5 1~ s
Again, L{T} .[ log 2 lds:_i'[s (1ogm.l}ls

Integrating by parts, we have

1 52 S+ (E+1)25-52Q5) -
=—-=| lo .S =
2| % 2+ 1 J. s (s> +1)? s
1[ 5 1 - 1 5 LT
=-3 slog 1 2J.s2+1ds} ——§|: log 2 1—2tan s
L N s
Y PTG 2 ISR log—>—+2 tan-!
=3 2 —slog———- 21 + tan™ —-n-s 0gs2+1+ tan” " s
L > .
= 5+510g 711 —tan”'s
2
b4 _1 s s 1 s s
=|>—tan” ‘s |+ 1o =cot”'s+=1o . Ans.
( 2 ] 2 %01 2 %2
Example 13. Evaluate L [e"”%ﬁ]
. . _ 3 sin3r _ (7 3 _13.. s
Solution. Lsin3t = Y = L . —J.S 240 ds = [3 tan 3I
= ——tan‘I% = cor1%
L] a3 st d e 3 Ans.
t 3 s+4
Exercise 13.3
Find the Laplace Transform of the following :
1. l(1 —é) Ans. log s-1 2. l(e"”—e_b') (Kuvempu 19965) Auns. logs+b
t s t s+a
2
3. %(1 — cos at) (Mysore 1997S ) Ans. —%log%
1 1 s’ +a
4. ?(cosat—cosht) (Madras 1997) Ans. ——log T
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1., 1, s$+4 1. 1, s-1
5. L st Ans. 7 log . 6. P sinh ¢ Ans. — 3 log STl
7. %(e"sin 1) Ans. cot™ ! (s +1)
1 1 2
8.?(1—cos f) Ans.Elog (s*+1)—logs
9 r 1 sintdi Ans.— 10 r Le_3tdt Ans. log 3
-, e -5 ), ; . log

13.10 UNIT STEP FUNCTION

. . . . . u(t-a
With the help of unit step functions, we can find the inverse (t2)
transform of functions, which cannot be determined with previous 1 —
methods.
The unit step functions u (r —a) is defined as follows:
0| a

0 when t < a
— = >
u(t—a) {1 hen t > a where a = 0.
Example 14. Express the following function in terms of units step functions and find its

Laplace transform:

78 t<2
f(’)‘[é, t>2
. _[8+0 t<2
Solution. f@ = [8—2 ‘>0
_ 0 <2 _ 0, t<2
‘8+[—2 p>2 - 8 2)[1, 1> 2
=8-2u(t-2)
8 6725
Lf(®) = 8L(1)=2Lu(t-2) =~ -2 Ans.
Example 15. Draw the graph of u(t—a)—u(t—D)

Solution. As in Art 13.10 the graph of u (t — a) is { A, . B
a straight line from A to co. Similarly, the graph : :
of u (t — b) a straight line from B to oo.
Hence, the graph of u[r—a] —u [t—b] is AB. : :
Example 16. Express the following function in terms O a b
of unit step function and find its Laplace transform :

f@{g a<re<t

a<t<b

Sy S = ElG-a) - u(-b)

Solution. f@® =FE { (1)

—as —bs
Lf@) = E{es -£ } Ans.

N
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Example 17. Express the following function in terms of unit step function :
o =[5! 15

and find its Laplace transform.
1 1<t<?2
t 2<t<3
=t-Du@E-D)-u@-2)1+C-0[u@-2)—u(-3)]
=@t-Du@-D-0¢-Du@-2)+B-Du@-2)+(t-3)u(-3)
=t-Du@-1)-20¢-2)u@-2) +@¢-3)u(-3)

e e”2s 73

Lf(@) 7 -2 7 + 7 Ans.

Solution.  f(r) = {;__

Laplace Transform of unit function

Lu@-a)l = e;m
Proof. Lu(-a)l = _[ e ut—a)dt
0
a B el B e—xt o
:I e ”.0dt+.|. e ’”.ldt:0+{ }
0 a =S J4
Lu@-a)l = e;as Proved.
13.11 SECOND SHIFTING THEOREM
It L{f@®)] = F(s), then L[f(t—a).u@—a) = e * F (s).
Proof. L[f(t—a).u(t-a)] = J e S [ft—a).u(t—a)ldt
0
= evre-ay.0d+| e f-ayyar
0 0
= evira-ayar
0
= '[ e W) £ () du, whereu = t—a
0
=e ™ j e . f(u)du = e " F (s) Proved.
0

13.12 THEOREM Lf(u(t-a) = e~ ®L[f(t+a)l

Proof. LE@).u-a)=] e 1f(@). ut-a)ldr
0

- j @) . uG-a)ldi+] e @) . u—a)di
0 a

—0+] et p () di
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oo oo

= [ es0ra fyraydy = e [ e fy+ayay. (t—a=y)
0 0
—eo [ e f(tayd = e Lf(+a) Proved
0

Example 18. Find the Laplace Transform of ©* u (t — 3).
Solution. P.ou@-3)=[t-3P+6(¢-3)+9]u(@-3)
=@t=-32.u@-3)+6(1¢-3).u(@-3)+9u(-3)
L2 u(@-3)=L@Ee-3)%.u@-3)+6L(¢-3).u(t-3)+9Lu(-3)

= ¢35 { } Ans.

Aliter L2u@—-3)=e 3SL@+3)?%=e 35L[A+6:+9]
J2 6 9
— ,3s| £ 2 Z
=e |:s3+s2+s} Ans.
Example 19. Find the Laplace transform of e~ 2" uy (f).
where Uy (1) = {? i i 77;
Solution. up () = 0; r<m
Iy t>m
=u(t—-m)
Le 2'u, (1) = Le ?'u(t—-m) f@ =e 2
= e MLf(+m) f+m) = e 20+
= e TSLe 20+m) = o Mse-27T] o-21
= ¢~ (@s+2m) 1
s+2
—m(s+2)
= Ans.
s+2

Example 20. Represent f(t) = sin2t, 2w <t < 47 and f(t) = 0 otherwise, in terms
of unit step function and then find its Laplace transform.

Solution. @) = [51711 21, gtﬁe: Wtisz 4m

f(O) =sin2¢[u(-2m—u(-4m)

Lf(@) =LI[sin2¢.u(t-2m)]-L[sin2t.u(t—-4m)]

e 2™ L[sin2 (t+2m]—e *™ L [sin2 (1 +4m)]
e 2™ L[sin2¢] — e *™S L [sin (21)]

-2ms 2 _e—4ns 2
s2+4 s2+4
2
s2+4

Ans.

_ (e—2ns_e—4nS)
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Find the Laplace transform of the following:

Laplace Transformation

Exercise 13.4

_|-1  ifl<r<2 e A Co )
1. f(t) = [ other wise Ans. 2 p 2. du(t-1) Ans. o1
3. tuy (9 (A.M.LE.T.E., Winter 1996) Ans. (i+i) 2
- s—2 1 5 > er o,
4. 5 +52+S4Jr4 5. ru(-2) Ans. 3 (45" +4s+2)
—ds
6. sintu(r—4) Ans. 1 [cos 4 + s sin 4]
KJ - 25 —3s
7. f() =K@E-2)[Ut-2)-U(t-3)] Ans. e ¥ —(s+1)e
S
smn t KnT / _, 3
8. f(t) = K222 [U (1-2T) - U (1= 37)] Ans. m(e XT_g ”)
Express the followmg in terms of unit step functions and obtain Laplace transforms.
_ —2s
9. f(,):% 0<r<2 Ans. U()— U (-2), 1 (Zs-l;l)e
A
10. £() = sin ¢ O<t<m Ans. 1+e’”+e””(ns+1)
) t t>m $+1 s
4 O<r<1 e - 3s
1L f()=1-2 l<t<3 Ans_““%“
5 >3 ’
12. The Laplace transform of ¢ u, () is
(102) 1 (1 2) o e
(i) [s—2+¥]e 2 (ll)s—ze 2 (iii) (S—z—?Je 2 (zv)
(AM.LE.T.E., Winter 1996) Ans. (i)

13.13 (1) IMPULSE FUNCTION

When a large force acts for a short time, then the product 4Y

of the force and the time is called impul

The unit impulse function is the limiting function. oy

se in applied mechanics.

S(@-1) =é,a <t<a+g

=0, otherwise 0 t=a t=a+e t

The value of the function (height
the area of the rectangle is unity.

(2) The Unit Impulse function i
d(t—a)

and [ s¢-a).ar
0

of the strip in the figure) becomes infinite as € — 0 and

s defined as follows:
{oo for t = a

0 fort # a

1. [Area of strip =1]

(3) Laplace Transform of unit Impulse function

[ rys-ayar =
0

Mean value Theorem

a+¢€ 1
1o [ rwya = o-ayrm
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Property I: J.: f@®d@—aydt = f(a)

899

=(a+8—a)f(n),é wherea <M < a+¢

Note. If f(f) = e ¥ and L[§(t—a)] = e @

Example 21. Evaluate r e J(r-2).

=

Solution. J._

Property II: r f(@)d (t—a)dr

oo

Proof. | rove-aa

e §(—=2) e 5X2 = 10

Example 22. Find the Laplace transform of £8 (t —4) .

Solution. LB8(—-4)

Evaluate the following:

L fo eYS(—4)di Ans.e

[ evse-2

»

Ans. 3¢ 0

5. Laplace transforms of cos 7 log 7 8 (f — )

a

S (t-3)

13.14 PERIODIC FUNCTIONS

=fm)
as €e—0
=-f"()
=@ Se-al - | f@3c-aar
= 0-0-f"(a) = —f(a)
= r e B3 (1—4)dt
0
=4de® Ans.
Exercise 13.5
2. _l.ic sin 2t & (t - %] Ans. 1
4. M Ans. %

Ans. —¢ ™ logm

Ans. ¢

Let f(r) be a periodic function with Period 7, then

LLf®]

o

T
[ er@ar
_ Y0
- |

Proof. L[f()] = | e f()ds
0

Substituting ¢+ = u+ T in second

T T
Lyl =] errwars |

T 2T 3T
= [ etpwan+| erfwdi+]  emp@yde+ ..
0 T 2T

integral and # = u+2 T in third integral, and so on.

T
e—s(u+T)f(u+T')du+J. e*»\‘("+277f(u+2T)du+...
0

—3(s+4)

900

T

J.OT e S f () di+eT jo

Laplace Transformation

T

T
= | eroae T [ ey duse T [ em py dut .

V@) =fu+T) =fu+2T) =f@+37) = ..]

T T
e“Y’f(t)dt+€_2ST.[ e S f(t)dt+ ...
0

T
= [1+e*ST+e‘“T+e‘3-‘T+..‘]J. e S f(f) dt [1+a+a2+a3+... = 11 }
0 —da
= 1 _[T e Y f(r)dt. Proved.
1—e3T " ’

Example 23.

Solution. L[f(7)] =

2]

Example 24.

Solution.

Find the Laplace transform of the waveform

f(z)z[%j, 0 <t <3
T

[ ef@yar
0

1
l-e %

20 2
—s(l—e’“) 3577

Find the Laplace transform of the function (Half wave rectifier)

. T
sinwt for 0 <t < —
w

f@ =
0 for £ <1 < 2—”.
w w
J.T
LIf@®] = e S f () dt
Ol = =5 ] /0
1 2 Ww f(®) is a periodic function.

= _[ e~ f (1) dt T:E

l_e_ o) 0 w

T/w 2 /o

=% _[ e’s’sin(ntdt+_|. e " x0xdt

l—e- Zé 0 o)

o

= : Trs _[ e 'sinmtdt

l-e ", ©

J.e““* sinbrde = e (a sin bx — b cos bx)
a%+ b?
B

_ 1 e S (—ssinwt—wcoswr) ?

1_672:)‘? 52+(1)2 o
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= Ans.

_Is
(s2+(1)2)[ l-¢ © J
Example 25. Find the Laplace Transform of the Periodic function (saw tooth wave)
f@ = % for 0 <t <T f@+T) = f().

1 r 1 Tkt
Solution. L[f()] = —— S dt = —— T dt
olution. L [f(7)] l—e‘ST'[o e~ f(1) 1_6_51.[0 ¢ T

1

T(1-e
T

_ k te™ e | _ k Te"‘T_e"‘T_l_L
T(-e )| -5 & o TU=e N[ =5 28

k Te T 1 »
= |: +S—2(1—e T):|

)

T(-e*N| -5
ke T k

=—-——>Fx+ Ans.

_s(l—e‘ST) Ts

Example 26. Obtain Laplace transform of rectangular wave given by

| = £ dt

. 0
Solution. Lf(@ = o7
g T (1)
f e A dt+fT e (—A)dt
0 T fit)y= A
- 2 A ! : : .ﬁ
1-e T I i i
- 2 T i i
|:e‘s’f {e‘ S’I o ! ! i !
=T, T
) 5 AT
=A W f(t) =-A

T
k"o, k e ¥ e " .
=77 '[0 e tdt= ﬁ{t —'[1. i dt}o Integrating by parts

902

Laplace Transformation

Ans.

Example 27. A periodic square wave function f(t), in terms of unit step functions, is

klug(t)=2u, () +2ur (@) —2u3,(@)+...]

k as
S tan h >

klug (@) =2u, (D +2up4 (1) =2 u3, () +...]

written as
[ =
Show that the Laplace transform of f (t) is given by
LIf(] =
Solution. f@ =
Lf@) =

K[Luo () =2 Lug () +2 Lo (£) =2 Lutsg (£) + ...]

—as -2as -3as
k{l—ze—me——ze +}
N N N N

= §[1—2e-as+2e-2ax—2e—3as+...]

k

= Jl=2( @ —e @ re 30— ]
—as —as _ —as
zg{l_zei}k{u}
s l+e as| s 1+e-a
@ _a
_ ,—as 2 _ 2
:E{i}:ﬁ ez ok Ans.
S| 1+e-s Ky as a_ N 2
e’ +e ?

EXERCISE 13.6
1. Find the Laplace Transform of the periodic function
2U-9m_
f@) =¢€ for 0 <t <2m ns, ————————
1-55(1-e"°™)
2. Obtain Laplace transform of full wave rectified sine wave given by

. b1 [0) ns
f(f) = sin wt O<t<$ ns.m coth%
3. Find the Laplace transform of the staircase function
f@® =kn np<t<@m+1)p,n=0,1273, ns-ke;”i
s(l—e™ )
Find Laplace transform of the following:
e e e

s (1—e %)

4. f@0) =1 0<t<2, f(t+2) =f@) Ans.

t, 0<t<c

5. f(®)

CS

=2c—-t, c<t<2c Ans.iztanh
s 2

b4
cosmt f0r0<t<5
6. f(r) = Ans.
0 for B << 2B (s2+(02)[1—e_—m}
® [ )

S
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|t ,0<t<1 _ 1-e*(@s+1)
7. f@) = {0 sisy  fe+2) =50 Ans. e
2 R OSzSZ 9 T 1
8. f(1) = 2T N 2 fa+1 = £ Ans.—= tanh T
Z(T-19, =<t<T s S(TH)
T 2
X
13.15 CONVOLUTION THEOREM Xt
If LIAWI=Fi(s) and L[f (0] = F2(s)
t
then L{J. fl(x)fz(t—x)dx} = Fi(s).F,(s) t=x t=c
0
or o x=0 !

L7 Fy(s). Fa(s) = Iofl () fo (t=x) dx
Proof. We have

L{f: A @h - dx} [ e[ hwpe-vaa

= J.m J.t e ' fi(x) fo(t—x)dxdt
0 7o

where the double integral is taken over the infinite region in the first quadrant lying between the
lines x=0 and x = .
On changing the order of integration, the above integral becomes

I: r e fi (%) fo (t = x) dt dx

= J.m e f (x) dx.[w e S0 £ (t—x) dt
0

X

=.[ e % f1 (x) dx.[ e **fy(z)dz, onputtingr—x=z
0 0

oo =

.[0 e fi (x) Fa (s) dx = “0 e fi (X)dX}FZ(S)

F1 (8) F5 (s) Proved.

13.16 LAPLACE TRANSFORM OF BESSEL FUNCTIONS J, (x) and J; (x)
Solution. We know that
| # N
Jo(®) = |:1_§+—22.42_—22.42.62+ }
Taking Laplace transforms of both sides, we have
11 2! 1 4! 1 6!

Lh=S-2-gtr 2 2o ey

A A 301 1351y
A A B e

904 Laplace Transformation

1
1 1772 . .
=7 { 1+ 2 } (By Binomial theorem)
- 21 Ans.
sc+1
We know that Lf(at) = %F[i]
1 1 1
LJy(at) = = =
o(an a > Vs +d?
s
+1
2
LJy(x) = —=LJy (x) = = [sLJy(x)=Jo (0)]
1 s
=—|s.———-1|=1-———— Ans.
[S V2 +1 } el o

13.17 EVALUATION OF INTEGRALS

We can evaluate number of integrals having lower limit 0 and upper limit o by the help
of Laplace transform.

=

Example 28. Evaluate J. te ¥ sintdt.
0

o0 00

Solution. J. te ¥ sintdt = _[ te Stsin ¢t dt (s=3)
0 0
. d 1 2s
= L@sing) = —— (52+ 1] ST
- 23 _ 6 _ 3 Ans.

(32+1)? 100 ~ 30

~ e !sint

Example 29. Evaluate | ar and | .
0 0

Solution. j: eosint - j: e ML g (s=1)
e e
= g—tan‘l s (1) = %—tan‘l(l) (s=1)
On putting s = 0 in (1), we get
Jj %d; = g—tan‘l(O)
= % Ans.
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Exercise 13.7
Evaluate the following by using Laplace Transform.
R 8 ¢ ¥sinh £ sin ¢ 1, 41
1. fo te ¥ sintdt Ans. 789 2. J.O p dt Ans. o tan™ 5
30 [y Ans. i3 a [ E=ty Ans. log 4
N R 15 ) ; . log
13.18 FORMULAE OF LAPLACE TRANSFORM
S.No. f@ F(s)
1
1. at
¢ s—a
[n+1 n!
2. " n+1 n+1
s s
3 in at N
. sina
s +ad
4 ' :
. cos a
s +d
. a
5. sinh at -7
s
6. cosh at 27
— as
7. U@t-a)
S
8. d(t—a) e
a
9. bt si
e’ sinat (S _ b)2 + a2
s—b
10. b cos at
¢ (s-bY+d
11 L sinar ——
) 2a (s2 + 512)2
12 1 cos at P -d”
(s2 + az)2
13 L (sin at — at cos at) !
) 2d° (s2 + az)2
14 L (sin at + at cos at) s
2a (52 + az)z

906

13.19 PROPERTIES OF LAPLA CE TRANSFORM

Laplace Transformation

S.No. Property f@ F (s)
1. Scaling f(a) % F @ a>0
2. Derivative 4% S F (s)—f(0) $>0
2
—d;ty) SSF(s)=sfO) —f'(0) >0
I ra
% S F(5)=5"f0)=sf (0)~f" (0)
d 1
3. Integral [ rwya SF () §>0
0
4, Initial Value :f; f® sli)li SE(s)
5. Final Value lim £2) tm 5 7(5)
6. First shifting PR A0) F(s+a)
7. Second shifting fOU@E-a) e “Lf(t+a)
8. Multiplication by ¢ tf @) - % F(s)
10 GEYA in F(s)
ds
9. Division by ¢ % f@ J.w F(s)ds
T
(R0
10. | Periodic function 0 ————iReQDCOG)
1-¢°
f@+T1) = f(0
11. Convolution f@®*g@) F(s) G (s)

13.20 INVERSE LAPLACE TRANSFORMS

F(s)is f(D).

If L[f()] = F(s), then L"'[F (s)] = £(©) .
where L™ ! is called the inverse Laplace transform operator.
From the application point of view, the inverse Laplace transform is very useful.

Now we obtain f(f) when F (s) is given, then we say that inverse Laplace transform of
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13.21 IMPORTANT FORMULAE

1 1 !
D L'<]=1 )L ==

M (s) @ s (n—-1)!
3) L! L _ 4) L7} > = cosh ar

s—a S —a

_ 1 1 . _ 1 1 .

3) L ‘s2_a2:Esmhat 6) L 's2+a2=55mat
(7) L! szj—az = cos at (8) L' 'F(s—a) = " f(1)
© L'—L Ly (10) L' —2=4 = arcog bt

(s—al+b> b (s—ay’+1?

1 1 . s—a
11) L' ————— = — ¢%sinh bt 12) L' ——————= = ¢“cosh bt
(11) G-af-p b sin (12) (s—a)z—bz e cos
1 1 . 1 .
- _ L _ - =L
(13) L ) =27 (sin at — at cos at) (14) L°! s +a2)2 2atsmaz
2o
(15)L" 1ﬁ = tcosat (16) L1 (1) = 8 ()
-1 52 1 .

(17)L m = Z[smat+at cos at]

)

Example 30. Find the inverse Laplace Transform of the following:

N P | s . 1 s

O ey WeTg Wans Ve
. 1 .. s—1 1 . s+2 1
O ope1 Yo pea Y0 apoa Wirr-2 W7
. 1 .. 1 1 3 1 .
; -1 = 2 -1 R N S

Solution. (i) L - e (i) L 2.9 L 32-Gr 3 sinh 3¢

o o1 S _r_q__S _ yp-1_ 1 1 5 _ 1.
@iii) L 716 L 2= () cosh4t (iv) L 2125 552+(6)2 5 sin 5t

s N 1 .
) L +9 2+(3)2 =cos3t (vi)L 1m = eXsint
N | o o T 1 1 _1 2 I

(vii) L 7(5 “ 14 e'cos2t (viii) L 1374 2(Gtaps (2)2 > — e 7' sinh 2t

. _ 2 _ (s+2) _

L —2s — ¢ % cosh5t
) L T —2s s+22-Gp ¢
&) ﬁ = 1a [L‘IF(as) =2 f(éﬁ
5 —
Example 31. Find the inverse Laplace transform of
LS +s+2 -2
D=5 (i z) 25 i) e oo
Solution.
2

Ny S Hs+2 oy 24 L1 1n 1 2

() L 7 =L +L +L- o

908 Laplace Transformation
1 1 2 [—1/2—1 t1/2—1 2,3/2—1
=L"! +L ' ——+L ! ==
—1/2 $172 372 1 1
s -l
1 1 44\
=t Ans.
1 \/El \/E ns
|__ £2
2
5 2s 5 2s 5
ii L- 12525 L1 - =L"! -
@) 95225 {952—25 9s2—25} ) )
5 5
2_[2 2_ (2
S
3 2 t 1 . 5t
_ -1 I 19t
—9cosh3 3L 3 —9csh3 3 sin3 Ans
s — 2
3
-2 s 2 1 s 1 1
-1 - -1t -1 = —L-! RS
@) 652+ 20 652+ 20 62+20 6 5. 10737 10
3 3
+[10
_1 10, 1 3,1 Y3 _1 10 __1 . +10
—6cos 3t 3>< 10L S2+Q_6COS 3t sin 31 Ans

3
Exercise 13.8

Find the inverse Laplace transform of the following:

3-8 3 5 4. 5t 3(s2—2) 3 a0 1,
1. —4S2 Y Ans. 7 Cos 5 —gsing 2. s Ans. 3 32+ 3 t
3. 43‘2“ - ;5 49‘: Slg Ans. %(cos 2~ sin %j 4 cosh 3¢ + 6 sinh 3
5s—10 5 4. 5. .4 1 16 1 .
4. 97—16 Am.gcosh3t—6s1nh3t 5. 54—1—32 Ans.4—l6 sinh ¢

13.22  MULTIPLICATION by s
LU s F ) = %10 +£0) 3.0

Example 32. Find the inverse Laplace transform of

N ... 3s
Oa Chempr @ 5 +9
Solution. (i) L! ﬁ = sint
s _d,. .
EREa (sin#) +sin (0) & ()
= cost Ans
3
(i) L-! I L-! L _ %L’l 2 = Lsmhit

1 1
42-25 4 4, 25 4 s2 1002
PRI Q{j
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s _1d_ .5 1.5
1725 10 dtsmh21+los1nh2(0)
- L(3 S, oand
= 10(2jcosh2t— 4cosh2t
3 3 1 3
-1 —271-1 — 2 92t
(iii) L 7510 2L g =3¢
s+=
2
3s 3d 3(°9
-1 24/, 90N, 2 920 - 2(_2
2549 2dr(e )* ¢ 2( 2)
__2T —uni 3
= e +3

Exercise 13.9

Find the inverse Laplace transform of the following:

1.

3 Ans.—5¢ L
s+5 35+ 6
s 1 t $
- Ans. = cosh = e
257 -1 2013 s+

2
s rd Ans.— 2 sin3r+1 6. —1 (Madras, 2006)
s£+9 3 (s=3)
2
s .
"

I oLl ot
(i) sin 2t + 5 cos 2t (ii) 7 Sin 2t + 5 cos 2t

13.23 Division by s (multiplication by %)

t t
L-{@} = rE@a = foa
0 0
Example 33. Find the inverse Laplace transform of
. .. 1 . 8843
O erag Di@rn D549

Solution. (i)

-1 1 = e
s+a

|
l—_\
@
—
n
¥ |~
)
=
|
Il
-
o
N
[
+ |=
S
N—
&
I
-
o
|
Sy
QU
<
Il
1
[
S
| S

(ii) L-!

Il
»
4.
=
~

I
-
© | =
VR
©
(S
+ |
—_
Ne—
|
-
|
_
VR
“n
S
+ [
—
Ne—
S
Il
—
»
Z.
=
-
&
I
T
(e}
o
v
~
[
S ~

(iii)% sin 2f + ¢ cos 2t (iv)i
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Ans.
1,3
e 2 B
Ans.
4,
Ans. 3e

Ans. —asinat+ 1

Ans. & .t

. t
sin 2f + 7 08 2t

Ans. (ii)

Ans.

=—cost+1

Ans.

910

243 249-6 1 6
L—ls—=L—17 RN Pl )
G L@t {s(s2+9)} {v s(s2+9)}
6
249

t t
1-2f sin3rar=1-[ L‘(
0 0

=cos 3t + [2 cos 3+ 1]

3

1
3

W=

Exercise 13.10
Find the inverse Laplace transform of the following:

1 1| 1
1. Ans.—|—=-1 2.
2s (s—3) n52{3 } s(s+2)
1 1 1
3. — Ans. — h4r—1 4. ——-
s (5% - 16) 76 [cos ] s(S+add
5. 522+ 2 Ans. cos’ t 6. %
s(s*+4) s (s+1)
1
7. ————
S (2 +1)
1 .
8. L!l———
s(s2+1) ®
(i)l —cost (ii))1+cost (iii) 1 —sin ¢ (v) 1 +sint

13.24 FIRST SHIFTING PROPERTY

Laplace Transformation

)ds: l+2><%[cos3t](’)

2 2
= 1+3cos3z—3

Ans.

l_e—lr

Ans.

Ans.

2

1 —cos at

{12

Ans.t—1+e™!

Ans.ﬁ+cost—1

2

Ans. (i)

If L 'F(s) = f(), then L''F(s+a) = e “L"[F (5)]
Example 34. Find the inverse Laplace transform of
. .. s
Derr Pavarn Dogietl
Solution. (i) L- ls_15 = %
D e
then Ll—s=c% Ans.
(s+2) 41
(i) -1 s — -t s+2-2 s+2 y-1 2
s> +4s+13 (s+2)2+(3)? (s+2)2+(3)? (s+2)2+32
Z ooy -1_ S oup-12 3
b ek 3[s2+32
= ¢ ¥ cos 3t-% e~ % sin 3¢ Ans.
1 1 1 1 1 1
-1 —1-1 = _L! == B3 1—
0 0+ 65+ 1 Gs+12 9 2 9¢ 2
3
—1/3
=$e‘”3t:—te Ans.
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Exercise 13.11

Obtain the inverse Laplace transform of the following:

1 28 Ans e (cosr+6sing) —

s +4s+5 (s+3)y+4
s £ s+2

3. 5 Ans.e " L (3-7 4. —Srs
G617 A £-25-8

5. % Ans. ¢ ¥ | cos 4t — 3 sin4t| 6. +
S +65+25 4 2(s— 1?2 +32

7 s—4

T 4(s-3)72+16

13.25 SECOND SHIFTING PROPERTY
L! [e-asF(s)] =ft—-a)U(t—a)
Example 35. Obtain inverse Laplace transform of

. e TS .. o
Orn Deriy
Solution. (i) L-! % =
S
™ su-m
L= Ut -m)
N
1 2
. -1 - _ 2
(i) L Ry
1 2
-1 -  _ -t
s+ ¢ 2!
— S —1\2
L ey - e LE e
S - .

Example 36. Find the inverse Laplace transform of
se?+me’
52 +m

in terms of unit step functions.

Solution.

and

On adding (1) and (2), we get

= sinm¢

=sinn(t-1)-u(@-1)
=—sin(mnt)-u(t-1)

= COST?

1 1
= COSH([—EJ'M([—zj
=sinmt-u t—l
- 2

911

Ans. ¢73' (cos 2t — 1.5 sin 27)
Ans. ¢ (cosh 37 + sinh 37)

Ans. % sin 4t

l 3t . _l 3t o
Ans. 4e cos 2t Se sin 2¢

Ans.

Ans.

(D)

()

912

s2+m?

L_l|:eS/2s+eS~1t

|

sin(nt)-u[t—

Exercise 13.12

Obtain inverse Laplace transform of the following:

—5

e

Laplace Transformation

%)—sin(nt)-u(t—l)

sinn{u(r—%}—u(f— 1)}

Ans.

_\2
. Ans. -2 U=2L ;o)
(s+2) 2
—2s
2. ——&¢ Ans. ¢ =1 —cos (1-2)| U (- 2)
(s+1) (s +2s+2)
3. & < -1
. ns. ———— U(t—-
Vs+1 N (t-1) ( )
T 3n
e2'+e 2’ 3n T
4. e Ans. cost[U(z— 2]—U(t—2ﬂ
—4s
L e (2D) Ans. &2 cos (1= 4) U (1—4)
sc+4s+5
. o Ans. f(r) =t-a when t>a
e =0 when t<a
e*nS
. Ans.—sint-u (t—m)
+1
Tick (\/ ) the correct answers:
8. (@) Theinverse Laplace transform of (¢ ¥)/s’ , is
OE=3Nus () @ E=3Pus(® i) =3 us @) (@) +3)u3 2).
Ans. (iv)
(b) Tf Laplace transform of a function f (#) equals (¢~ — ¢™*)/s , then
@0 f=11>1;
(i) f(¥) = 1, when 1<t<2, and 0 otherwise ;
(iii) f(f) = — 1, when 1 <t <3, and 0 otherwise ;
(iv) f(f) = =1, when 1 <t <2, and 0 otherwise. Ans. (iv)
(¢) The Laplace inverse L™ {% (€% — e %) |equals
(1) 2,if0<t<4; 0 otherwise, (i) 2,if t >0
(iii) 2,if0<t<2; 0 otherwise, (iv) 2, if 2 <t < 4; 0 otherwise
Ans. (iv)
(d) The Laplace transform of # u, (f) is
h L 2 —2s h l — 28 i_g —2s ' l —2s
(i) (sz + 2)6 (if) = e (iii) [sz P e (iv) 2z e
Ans. (i)

(e

)

- as

The inverse Laplace transform of Ige is
S2+ K

(i) sin kt (if) cos kt (iii) u (t — a) sin kt (iv) none of these. Ans. (iv)
Inverse Laplace’s transform of 1 is:
@)1 @) 8 (1) @) d (- 1) () u (9. Ans. (ii)
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13.26 INVERSE LAPLACE TRANSFORMS OF DERIVATIVES . 1 2s
g | d Example 40. Obtain L EITR AMLETE. Wi 199
L_1|:$F(S):|=—IL71[F(S)] = —tf () or L_I[F(S)] =—7L_l|:$F(S):| (s°+1) (AAM.LE.TE., Winter 7)
o 1 Solution. L-lizzL-lj 3”“ S Tty [ Y B .
Example 37. Find inverse Laplace transform of tan™! r (s%+ 1)? s ($2+1) s2+1 s2+1
= tsint Ans.
Solution. L! (tan 1 l} = - % L-! [di tarr ! l}
s g s 13.28 PARTIAL FRACTIONS METHOD
1 1 1 1 1 1
e -=||==L"1! . Fi ] —_—
; o T ( 52) p L A sz:| Example 41. Find the inverse transforms of 25516
s? Solution. Let us convert the given function into partial fractions.
_ sint Ans L-! 1 L-! 1 1
! [52—5s+6}_ {5—3_s—2}
s2—1
Example 38. Obtain the inverse Laplace transform of log .
s> =L! L _pif L J=e3’—e2’ Ans.
2 2 s=3 s=2
; -1 sl Ly |d, sl . . )
Solution. L™ log 2 |- L ds log 2 Example 42. Find the inverse Laplace transforms of
1., [d 1 s 2] 1 A
N S 2_ 1y B | P N S _ s —6s+25
p L {ds {log (s*—1)-2 logs}} P L Lz_ ] s} p [2 cosht—2] 1 s s 1 s
Solution. Lt _s=1 |_ L! _s=1 |(_ Lt _S=o+2
_2 [1-cosh] Ans. {sz — 65+ 25] {(s —3)2 4 (4)? (s —3)%+@)?
! ps=3 L 4
Example 39. Find L' [cot‘ Ta+ S):| . - (s=3)2+@)?| 2 (s —3)% + (4)?
. _ _ | I
Solution. L-! [cot Y1+ s)} =-7 L-! {% cot™1(1+ s)} = e¥cos 4t + % & sin 4z . Ans.
1 1 1 1 Example 43. Find the inverse Laplace transforms of
— _iy-1 —17-1
= Llf———— ==L —7F— 4
t I+(s+1)?| ¢ (s+12+1 . s+s
s(s—1)(s*+4)
=le"sint Ans s+4
t : Solution. Let us first resolve ——————— into partial fractions.
. s(s=1)(s>+4)
. Exercme 13.13 s+4 _A. B Cs+D 0
Obtain mversz) I;aplace transfzorm of the following: 73 G-1)(2+4) =5t —s2 4 .
1. log 1+? Ans.—;coswt+2 s+4=AG-1)(s>+4)+Bs (s> +4)+(Cs+D) s (s — 1)
_ Putting s = 0, we get 4 =-4A or A =-1
s 2 3.t s+1 e ) . g ’ g
T30 Ans.@mnTtsth m Ans.T[2t51n2t+2100521—51n2t] Putting s = 1, we get 5 = B-1-(1+4) or B =1
i - Equating the coefficients of s3> on both sides of (1), we have
4, % | Lsmat 5. slog —5 _ icotls Ans. 1-cost q & ’
(% +a?)? 2a Vs + 1 7 0=A+B+C or 0=—-1+1+C or C=0.
6. %log {32+b22} Ans. e’”—tCOS bt 7. tan ' (s+1) Ans. —Leising Equating the coefficients of s on both sides of (1), we get
G-a 1 =4A+4B-D or 1=-4+4-D or D=-1.
On putting the values of A, B, C, D in (1), we get
13.27 INVERSE LAPLACE TRANSFORM OF INTEGRALS s+ | | 1
o0 —_— m = - — + p—
L‘{r F(S)ds}:@:%L_l[F(S)] or L“[F(s)]=tL"[[ F(S)ds}. s(s=1) (s> +4) sos-1 s +4
s )
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L’I$ZL’I _l+ 1 — 1
s(s=1)(s2+4) s s—1 s2+4

I
|
o
T
~—
+
o
—
“
| =
—_
N
|
=
o
TN
+ |
&)
(5]
~—

:—1+e’—§sin2z. Ans.

Example 44. Find the Laplace inverse of

S2
(P +d) (407

Solution. Let us convert the given function into partial fractions.

L1 s _ - [ S N
(2 +d?) (s + b?) a2-b s2+a? a?>-b? s2+b?

1 a4 po|__1 of 1. 21
_az—bZL |:s2+a2_s2+b2}_a2—b2{a asmat -b bsmbt

[a sin at — b sin bf] . Ans.

1
a2_b2

Exercise 13.14
Find the inverse transforms of:
1

2
1. w Ans. 1 +2¢+ 37 2. 59— Ans. ¥ —¢¥
s sc=Ts+ 12
3. 23;2 Ans. €% cos 3t + 4 e sin 3t
sc—4s+ 13 3
4. % Ans. ¢ —2cost+sint
(=D +1)
2 _ 2 _
5, % Ans. 2e”+5e2’7§e’/2 6. _ 25 —6s+5 Ans. le’fe2’+§e3'
25° =35 =35 +2 2 -1 (s=2)(s=3) 2 2
7. % Ans. ¢* cos 3t 8. % Ans. ¢’ (sin 21 — 2t cos 2r)
(s—472+9 (% +25+5)
1 _ 1 1 1 2 .
9. ——————— Ans. ¢ /(1 —cost 0. ——— Ans. < e* ——cost—=<sint
G+1)(2+2542) e ) -2 (£+1) 5975 5

2
11. % Ans. ¥ [t cos t—sin f]
(s*—4s+5)

13.29 INVERSE LAPLACE TRANSFORM BY CONVOLUTION
L{JJO Jr @) fa (=) dx} = Fi-(s)- F2(s) or JJO fi@) - fat=x)dx = 71 Fi(s)- F2(s)

Example 45. Using the convolution theorem, find

Ll | ey
$*+a®) (s> + 5[’ '

Solution. We have
K

d L(cosdt) = ——
an (cos br) e

L (cosat) = %
a

916 Laplace Transformation

Hence by the convolution theorem

L{JJ cosaxcos b (t—x) dx} =
0

Therefore,
_ 52
L 1{m} = JJO cos ax cos b (f —x) dx

L1 cos (ar + br— bx) + cos (ax—br + b dx
27

52

(2 +a®) (s + b?)

% J;cos[(a—b)x+bt]dx+%ﬁ cos [(a + D) x — bt] dx

_[sinl(a=b)x+b1] ’+ sin[(a+b)x—bA]
2(a-b) 2(a+b)

_ sinat —sin bt | sin at + sin bt

2(a-D) 2(a+b)
- %Zzsmbl Ans.
a2 —
1
Example 46. Obtain L' ———.
p ain N az)
Solution. L-1+ = 1 and L-! - sinar
5 s> +a a

Hence by the convolution theorem

7 ]
L1 { 1 } =J" s1na(t—x)d {—cos (atz—ax)};

0

1

s(s>+a?) -a

= — [l -cosal] Ans.
a

Exercise 13.15
Obtain the inverse Laplace transform by convolution.
2
s 1 1 1

5 g 1 .
1. Crdp Ans. 57 cosal +-sinat 2. T Ans. £ (3 — ) sint—3rcos 1]
s tsin at 1 1 .
3. %+ a?)? Ans. 2a 4. ETERr) e Ans. = [-at+sin hat]
S Gp @D Am g e -

13.30. SOLUTION OF DIFFERENTIAL EQUATIONS BY LAPLACE TRANSFORMS

Ordinary linear differential equations with constant coefficients can be easily solved by
the Laplace Transform method, without finding the general solution and the arbitrary constants.

The method will be clear from the following examples:
Example 47. Using Laplace transforms, find the solution of the initial value problem
y’'—4y'+4y = 64 sin2t
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y(©0) =0 y'(0) = L

y' =4y +4y = 64sin2t (D
y(0) =0,y (0) =

Taking Laplace transform of both sides of (1), we have

Solution.

_ , _ _ 64x2
(P55 (0) =y O] =47~y O] +4F = 5

NO)

On putting the values of y (0) and y” (0) in (2), we get

— = 128
23— 1-4sy+4y =
oy SYTRY =01,
— 128 — 128
2—4s+4)y = 1+ , -22y =1+
(" -ds+ 4y 2+4 T (s=2)° s2+4

1 128 1 8 . 16 8
YT 22 T 522244 (5-27 s-2 (s-27 14

IR N S G ©
Y s—2 (5-2)? S+4

y = —8e2+17te* +8cos 2t Ans.
Example 48. Using the Laplace transfors, find the solution of the initial value problem
y’+25y = 10cos 5t
y(©0) =2 y(0) =0
Solution. Taking Laplace transform of the given differential equation, we get

N

25 —sy(0) =y (0)]+25% = 10
[s*y =5y (0) =) (0)] y 2425
_ _ 10 s
2y —25+425y =
FYTESTY =005
_ 10 s
24+25)y = 2s+
(S+25)y =25+ 5 05
2s 10 s

YT 225 T (21 25)

2s 10s 10s
- L 198 o os 5Lt 05
Y [s2+25 (s2+25)2:| cos {(s2+25)2}

= 2cos5¢t+L"1! d{;s}

(s2+25)
= 2cosS5t+tsin5t Ans.
Example 49. Applying convolution, solve the following initial value problem
y’+y = sin3t,
y(©0) =0 y(0) =0

Solution. y”+y =sin3¢
Taking Laplace transform of both the sides, we have

[*Y=sy (0) =y (0] +y = e

s2+9
On putting the values of y (0),y” (0) in (1) we get

918

Laplace Transformation
y+y = 3 or (?+1)y =
s2+9 $2+9
- 3 _3[_1 1
Y *+1)(2+9) 8| s2+1 s2+9

Taking the inversion transform we get

3 1 3 1
:_L—l___ L—l_
Y 8 241 8 s2+9
33,1 3ini-La
y—8s1nt 8><3s1n31—8s1nt 8sm3z Ans.

Example 50. Solve [t D*+(1-2f)D-2]y = 0, where y (0)=1, y'(0)=2.

(R.G.P.V. June, 2002)
Solution. Here, tD*>y+(1-21)Dy—-2y=0 = ty'+y -2ty -2y=0
Taking Laplace transform of given differential equation, we get

LGY") + LO)-2LaY)-2L0) =0 = — L[|+ L1y} +25 L) ~2L()=0

d  ,- , - d . - -
s [9y=sy )=y O ]+[sy-y©)]+2—- [sy-y(O)]-2y=0
Putting the values of y (0) and y” (0), we get

(sy—l) 2y=0

s (Sy S—2)+(Sy—1)+2 [y (0) =1, y(0) = 2]

_Sdy 5.5 T 4y S\l RPN LR
Ts 2sy+1+sy 1+2(Sds+yj 2y=0 = —(s°=2%) Is sy=0
= i_X + ds =0 (Separating the variables)
Yy
:>J.Ty _[ :O = logy+log (s—2) = logC
_ — 5= c _ —1 1 — 2t
= y(s-2) = = Y=73 = y=CL {S—Z} =y=Ce" ..(1)
Putting y (0) = 1 in (1), we get 1=Ce° = C=1
Putting C=1in (1), we get y = &>’
This is the required solution. Ans.
Example 51. Using Laplace transform technique solve the following initial value problem
‘jhzy+2dy+2y=55int, where y (0) = y’(0) = 0.

Solution. Y'+2y +2y = 5sint

y(©0) =y ©0) =0
Taking the Laplace Transform of both sides, we have

(25 =59 0=y O1+2[57 -y O] +2F = 5x =~

On substituting the values of y (0), and y” (0) in (1), we get

(1)

— — = 5 —
2y +2sy+2y = —— or [$4+2s5+2]y=—5—
SYTEIYTEY =0 [ st2ly s2+1

_ 5

YT P25+ (2 41)
2s5+3 -2s5+1

S2+2s5s+2 241

Resolving into partial fractions, y =
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Taking the inverse transform, we get

_ _2s+3 L1 -2s+1
Y 242542 s2+1
- Lot 2(s+1)+1 L1 -2 s 1
(s+1)2+1 s2+1 s2+1
_ Loy 26t +L-1 S — —2cost+sint
(s+1)2+1 (s+1)2+1
= 2e 'cost+e 'sint—2cost+sint Ans.
Example 52. Solve the initial value problem
2y7+5y'+2y = e %1, y(0) =1, y(0) =
using the Laplace transforms. (AM.LE.TE., Summer 1995)
Solution. 2y"+5y +2y =e 2 y(0) =1,y () =
Taking the Laplace Transform of both sides, we get
— , — _ 1
207y =5y ) =Y O] +5[sY=y (O] +2§ = —— (1)
On substituting the values of y (0) and y" (0) in (1), we get
_ — — 1
2[s2y—s—1]1+5[sy—1]+2y =
["y—s=1+5[sy-11+2y = ==
— 1
252+55+2]y-2s5-2-5 =
2 st2ly-2s s+2
- _ 1 2547 142582+ 7s+4s5s+14 282+ 11s5+15
Y (s+2)(2s2+55+2) 252+5s+2 22+55+2)(s+2) Q2s+1)(s+2)?
_ 49 s 3 41 1 11111
2s+1 s+2 (s+2)*2 92 I 9 5+2 3(s+2)2
S+
— 2 —lt_£ —2;_1 -2t
y=ge2'-gye 3l€ Ans.
d dy . ’
Example 53. Solve W Zd +5y=e*sinx where y(0) =0, y (0 =1
Solution. ZZ¥+2 dy+5y = e *sinx

Taking the Laplace Transform of both the sides, we get

[*y=5y(0) =y 0)]+2[sy-y(0)]+5y = L (e *sinx)
1

2y —sy(0) =y O)]+2[sy-y (O] +5y = ——— (1
[s*Y=sy(0)=y O] +2[sy-y(O0)]+5y GrPel (1)
On substituting the values of y (0) and y" (0) in (1), we get
_ — 1
2y —-D+2(sy)+5y = 55—
(Fy-D+2(sy)+5y Ry
1 _ $2+2s5+3

2+2s5+5)y = 1+ =
(s s+3)y s2+2s5+2  $242s5+2

920 Laplace Transformation

s+25+3
(5>°+2s5+5) (s +2s5+2)

On resolving the R.H.S. into partial fractions, we get

y =

-2 1 1 1
352425+5 382+2s5+2
On inversion, we obtain
2 1 1 1
:_L—l + = -1
Y73 2+2s+5 3 24+2s+2
1 2 1 1
or =L +_L_1
VI3 G+ E 30 GrlEe()2
or y=%e"‘sin2x+§e"‘sinx or y=%e'*(sinx+sin2x) Ans.

Example 54. Using Laplace transforms, find the solution of the initial value problem
VA9 = u(t=3), y(0) = v'(0) = 0
where u (t — 3) is the unit step function. (AAM.LE.TE., Winter 1998)
Solution. Y'+9y = u(t-3). (D)
Taking Laplace transform of (1), we have

—3s
LIy 0=y (0)+95 = 9~ e
Putting the values of y (0) = Oand y’ (0) = 0 in (2), we get
_ _ 96—35
2 = —-——
s?y+9Yy 5
_ ef3s
*+9y =9 .
—3s —3s
5= 9e = y=1-! 9¢
5 (s2+9) s(s2+9)
3
1S2+9 = sin 3¢
-3 s(sig) = 3JJO sin3tdi = — [cos 3] = 1—cos 3t
_po1 e
Y 5 (219)
y=[l—cos3(t=3)]u(-3) Ans.

Example 55. A resistance R in series with inductance L is connected with e.m.f. E. (t).
The current i is given by

di .
L—+Ri = E(¢)
i ®
If the switch is connected at t = 0 and disconnected at t = a, find the current i in terms

of t. (U.P, II Semester, Summer 2001)

Solution. Conditions under which current i flows are i = 0 at r = 0,
E, O<t<a

E(I):{O, t>a
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Given equation is Lﬂ+ Ri = E(?) (1) v(t)= twhen0 < 1<t
dt = 0 otherwise.
Taking Laplace transform of (1), we get Solution. The differential equation for L and C circuit is given by
- 3 ~ d?
L[si—i(0)] +Ri = “SUE (1) di L4444 - E -
=i O1+Ri = | e EQ) A+ 1
— © Putting L = 1,C = 1,E = v (¢) in (1), we get
Lsi+Ri = [ e E@adr i (0) = 0] uting dzv() (1). we g
° ) ) qu+q = v () (2)
(Ls+R)i = '[0 e™.Edt= J.o e” " Edt+ .[a e Edt Taking Laplace Transform of (2), we have
— st “ 25 _ _ = — - — st
_ E{e_} 0= Epopeg s EE $T-5q0)~d ©+7 =] v@e
)
0 Substituting ¢ (0) = 0,i (0) = ¢ (0) = 0, we get
7= E _ Ee~ 1 oo
s(Ls+R) s(Ls+R) Pg+q=] tevar+ [ 0evar
On inversion, we obtain , 0 ! .
_ —st L ,—st - —st -5 -5
it E || B 2 (s2+1)5={ze }—f € =% —{82} R +i2
s(Ls+R) s(Ls+R) =S |, 0o —s -5 5 s s° s
N have to find the value of L~! E G- ]
ow we have to find the value o P = - -
s(Ls+R) s2+1 s 52§
7= —e”t _ef " 1
L{L} = %L‘l S — (Resolving into partial fractions) s+ s2(s2+1) sT(sT+ D)
s(Ls+R) s[s +Z) Taking inverse Laplace transform, we get
R —-e e’ 1
EL_ _,|1 1 E ! =L"! -L! +L ' ——— .3
=T RrE ! TR =§[l—e L } a s(s2+1) 2 (s2+1) s (s2+1) 2
S+Z We know that
Eo- E R L '[e ®f(s)] =ft-a)u(t-a)
1 efm :_|: _ _Z _g:| B )
and L L(Ls+R)} R l1-e u(t—a) L*ﬁ:jo sintdt=[—cost];= 1—-cost
[By the second shifting theorem] | .
On substituting the values of the inverse transforms in (2) we get *lm = _[ (I —cosf)dt = t—sint
R R 5% (s 0
i = %[ 1 _e‘Z’}_%[ 1 _e’Z("”)}u(t_a) In view of this, we have
® L“{i}:—[l—cos(t—l)]u(t—l)
Hence i=%|:1—e L[} for 0 <t<a, [u(@-a) =0] s (s +1)
-5
L' —5— = [¢-1)-sin(-D]u(-1
l,zg[l_e—fr}_g{l_e—ﬁa—a)} fort > a Prn - - Dosin@=Dlu(=1)
R R [u(t—a)=1] Putting in (3) we get
E[ Xe-0p -B1q g -Xip K g=—-[l-cos(t—=Du(t—1)—[(t-1)—sin(¢t— D] u(t—1)+t—sint Ans.
=E[e —e }zie [e —1} Ans.
EXERCISE 13.16
Example 56. Using the Laplace transform, find the current 0 Solve the following differential equations:
i () in the LC-circuit. Assuming L = 1 henry, C = 1 farad, zero &y d
initial current and charge on the capacitor, and C= L 1. PERR 0,wherey = 1 and —-=-1 at x=0. Ans. y = cosx —sinx
V()
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d2 d__ _ 3 2): 3 72’5
2. df -4y = 0, wherey= Oandd =—6atx=0. Ans. y=-3e¢ +2
d*y dy .
3. dx2+y—0wherey—ld—:1atx—0 Ans. y = sin x +cos x
Ly oy s, _ =2, D 4an- = e _si
4. dx2+2dx+5y 0, where y = 2, dx 4atx . Ans. y = e” " (2c0s2 x—sin2x)
&y dy dy . d dy ) . oy
5. EJrZ?—E—Zy =0,g1veny=3-)%=0, ?= 6 atx = 0. Ams. y = =3¢ " +2e ¥
6. i2X+y = 3 cos2x, wherey = D _ Oatx = 0. Ans. y = cosx—cos2x.
dx? ’ dx
&y dy —1- i - dy _ - _ X ,-2x
7. dx2+dx 2y = 1-2xgiveny = 0, dx—4atx— Ans. y = e —e "+ x
&y Ldy 25 g dy _ ‘44 2n 25
8. 2 -3 +2 =4 giveny = — 3, andd Satx = 0. Aps. y = -7 +4e +4xe
_X _X _ 2x _ Lil__ _ _ Lsx_ 2.«_Lx
9. ) 3d +2y =4x+e ,wherey—l,dx— latx = 0. Ans.y—3+2x+2e 2e 5"
3 2
10. d 2%—%—2y:0,wherey: 1,%z2,%§=2atx:0. Ans. %e"—e“"+%e'l‘.
11. (D*-D-2)x = 20sin21t, xp=—1,x,=2 Ans. x = 2¢*" —4e "4+cos2t—3sin2¢
12. (DP+D)x=6F+4,x0)=0,x(©0) =2,x"©0) =0 Ans. x:%t4—2t3+8t2—16t+16—16€"
d _,dx —o & _ - PPN -
13. i 2dt+x—e,wherex(0)—2, - latz =0 Ams. x = 2¢ 3te+§t2e
14. (D*+n®)x = asin (nt+o) wherex = Dx = Qatr = 0.
Ans. x = ancos o. (sin nt — nt cos nt) + s;nn OL(zsmnt)
3
15. y"+2y +y =te”’ ify0) =1, y(0) =-2. Ans. y :(l—t+%}e”
dy _ Y g = A, S x
16. 2 +y—xc052x,wherey—dx—Oatx—O, Ans. y = 9sm2x g Sinx 3cost
&y &y ,dy . dy &y
17. P 3dx2 Y = x’¢**, where y = 1,E= O,E=—2atx=0.
Ans. y = 2 (2 - 6x+12)— " (15x% +Tx+ 11)
18. v +4y +3y = 1,1 > 0; given that y (0) = Oand y/ (0) = 1. Ans. y = —g+é+e_’—%e’3’
" _ 0 O = _Jo t 1 1
19. y"+2y =r(),y©0) =0,y (0) = 0where r (t) = {1’ 0<: Ans. y = 3 2cos\/-t
20. Z’g +4y = u (r—2), where u is unit step function
y(©0) =0 and y (0) = 1. Ans. y = %sinZt for r<2
dy /
21. dx2+y =ut-m-u(-2m), y0) =y (0)=0 (Nagpur 1995)
Ans. y = (L+cost)u(t—m)—(l—cosp)u(t—2m)
22. A condenser of capicity C is charged to potential E and discharged at + = O through an inductance

L and resistance R. The charge ¢ at time 7 is governed by the differential equation

924 Laplace Transformation

L—‘1+R—‘1 L=k

ar
Using Laplace transforms, show that the charge ¢ is given by
_CE g Rogp_ L_E
q=—-¢ [w sin nt + n cos nt] where @ = 2L and n? =Ic e

13.31 SOLUTION OF SIMULTANEOUS DIFFERENTIAL EQUATIONS BY LAPLACE

TRANSFORMS

Simultaneous differential equations can also be solved by Laplace Transform method.

Example 57. Solve ﬂ+y =0 and ﬁlX—x = 0 under the condition

dt dt
x(0)=1Ly(@©) =o0.
Solution. X+y=0 (1)
y-x=0 (2
Taking the Laplace transform of (1) and (2) we get
[sx=xO)]+y =0 ..(3)
[sy-yO@]-x=0 )
On substituting the values of x (0) and y (0) in (3) and (4) we get
sx—=1+y =0 (5
sy-x=20 ...(6)
Solving (5) and (6) for x and y we get
— s — 1
* e s2+1° Y= s2+1
. . . s 1
On inversion, we obtain X = Ll(sz+l]’ y = L_l(s2+1j
X = cost, y = sint Ans.
Example 58. Using Laplace transforms, solve the differential equations
D+Dy1+(D -y =e!
D+2)y;+ D+ Dy, = ¢
where D = df/dtandy; (0) = 1, y,(0) = 0
Solution. (D+1)y;+(D—-1)y, = e’ (1)
D+2)yi+D+ D)y, = ¢ ..(2)
Multiply (1) by (D + 1) and (2) by (D —1) we get
D+1P2y+(D*-1)y, = D+1)e! ..(3)
D-1)D+2)y+(D*-1)y, = (D-1)¢ (4

Subtracting (4) from (3) we get
(D*+2D+1-D*-D+2)y; = (—e '+e )= (el —¢)
or (D+3)y; =0 or Dy;+3y, =0
Taking Laplace transform we have sy;—y; (0)+3y; =0

-3t

(s+3)y; =1 or y = or yy=e

s+3
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Putting the value of y; in (1) we get
D+e3"+D-1)y, = e !

—3e 3 +e 3+ (D-Dy, = ¢
D=1y, =e "+2e 3 or Dy,—y, = e '+2e7 3
Taking Laplace transform we get
_ — 1 2
=9 0)=y, = +

s¥2=y2(0) =2 s+l 543

— 1 2

_1 = + —

(s=Dy> s+1 s+3

— 1 2

= b
Y2 s2—1 s2+2s-3

1 2
=l 1{52—1+(s+1)2—(2)2}

Vo = sinht+e~'sinh2¢

yi = e 3" and y, = sinht+e 'sinh 2¢ Ans.
Example 59. Solve %—y =4, %+x = sint
givenx (0) = 1,y(0) = 0. (AM.LE.TE., Summer 1997)
Solution. X—-y=eé€ (1)
Y +x = sint .(2)
Taking the Laplace Transform of (1) and (2), we get
[sx=-x0)]-y = ! ..(3)
s—1
55—y O] +F% = 5 — )
s+ 1
On substituting the values of x (0) and y (0) in (3) and (4) we get
sx—-1-y = L ..(5)
s—1
Sy+x = 21 ...(6)
s+ 1
On solving (5) and (6), we get
T = st 2 +s5—1 :l 1 ls+l+ 1 )
-+ 25-1 282+1 (s2+1)?
_ - +52-25s 1 1 1 s-1 s
YT D@1 25-1 2 (24D 2+ 1) ~(®)
On inversion of (7), we obtain
1., 1 1., s 1 _ 1 _ 1
XZEL 1s—1+5 1s2+1EL l 52+1+Ll(s2+1)2

1,1 1.1 L -
= 2e +Zcost+251nt+2(smt tcost) = 2[e +cost+2sint—tcosf]

On inversion of (8), we get

926
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1 1 1 s 1 1 s
- i1 4= L1 _dy - +L-!
YETRE VAT @i 2 24 2+ 17
= —le’+lcost—lsint+ltsint
YE=T247 2 2
y=%[—e’—sint+cost+tsint] Ans.
Example 60. Using the Laplace transforms, solve the initial value problem
»=y+3n
¥ = dyy —de!
y1(0)=2,y,"(0)=3, y,(0)=1,y, (0)=2 (A.M.LE.TE., Winter 1996)
Solution. v =y + 3y .. (D)
' = 4y -4 (2
Taking the Laplace transform of (1) and (2), we get
s? ¥, =10 =y/(0) =3 +3» . (3)
_ , — 4
23y =5y, (0) =y, (0) = 4y1_s——1 )
Putting the valuesofy; (0), y (0), y; (0), 2" (0) in (3) and (4), we get
2y, -25=3 =y, +3y, or ($>-Dy, —3y,—=25+3 .. (5
Py —s—2 = 4y, - or 4}1—s§2:—4 -5-2 ... (6)
s—1 s—1
On solving (5) and (6), we get
_ :(2s—3)(s2+3)(s+2)= 2s-3  _ 1 + 1
M oD +3)(2—4) (-De-2) s—1 s-2
yi = e +e
2
3, = +2)s=+3) 1 = yy=e Ans.

(2 +3)(s2-4) s5-2
EXERCISE 13.17

Solve the following :
1. ﬂ+4y:0 £lX—9x=0. Givenx=2andy=1atz=0.
dt Todt

Ans. x = —%sin6t+2cos6t, y =cos6t+3sin6¢

dy , dx _ o 34 dy _

4dt+dt+3y_0’ T +2x+dt_1

under the condition x =y =0atz=0 Ans x:l—le”—ie’i’ :le”——e’i’
=y= =0. . 373 o¢ L y=3 11

%+5x—2y =1, %+2x+y =0 beinggivenx=y=0whent=0.

__L —3e, L __l —31_
Ans. x = 27(1+6t)e +27(1+3t),y— 27(2+3t)e

ﬂ+ = sin . Q+x—cost
at T Codt B

given that x=2, and y =0 when # =0.

Ans. x=¢'+e” !, y=e =€ +sint
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5. D-DHx-2y=1t -2x+(D-1y=t t>0
where D = d/dtand x (0) = 2, y(0) = 4
6. The small oscillations of a certain system with two degrees of freedom are given by the equations
Dx+3x-2y =0, Dx+D%-3x+5y=0
If x=0,y=0,Dx =3,Dy =2whent = 0.

11 . 1 . 11 . 1 .
Ans.x——Ts1nt+Esm3t, y—Tsmt—ZsmM.
dx L dy _ : ax _ady s _ _
7. 3dt+3dt+5x—25cost, 2dt Sdt = 5sintwith x (0) = 2, y(0) = 3.

Ans. x = 2cost+3sint, y = 3cost+2sin2¢
METHODS TO FIND OUT RESIDUES ON PAGE 586 (Art. 7.43)
13.32 INVERSION FORMULA FOR THE LAPLACE TRANSFORM
f(x) = sum of the residues of ¢™ F (s) at the poles of F (s).
Proof. The Laplace Transform of f(x) is defined by

=

Fe) =] e f@ar
0
Multiplying by e**

oo

F) = et [ et

Integrating w.r.t. ‘s’ between the limits a + ir and a — ir, we have

oo

“r SF(x)ds = o e ds e . f()dt
J‘a—ir J-a—ir 0

p o
Putting s = a—ip, ds = —idp = —i J. ex(@=in) _[ f@) e @Ptdtdp
r 0

= je™ _[ e P dp J. f@) e . ePdr. (D)
-r 0
Let us now define ¢ (x) as
_ Je ®f(x) whenx20
oW { 0 when x<0
The Fourier complex integral of ¢ (x) is
0 () = ﬁ e[ eweradp
or e Y flx) = i e ¥ _[ [e= @ f(D)] €' dt dp .(2)
—o 0

In the limiting case when r — oo, (1) becomes
a+ioc < . oo )
[ e Feas =ien [ errap [ fwe . erar -3

a—1
—oo

Substituting the value of the integral from (2) in (3), we get

.[a .lm EXF(s)ds = ie™[2Te *f(x)] = 2Tif(x)

—joo

928 Laplace Transformation

1

a+ioco
or f0=——[  evF(s)as (4
2T “a-iw v
Equation (4) is called the inversion formula for the Laplace L B (a+ir)
transform. c
To obtain f (x), the integration is performed along a line r
AB parallel to imaginary axis in the complex plane such that r
all the singularities of F (s) lie to its left. The contour c includes X \0 X
the line AB and the semicircle ¢ (i.e. BDA). P 2
From (4)
fo) =——[ e Fas N
’ 27i “aB
v
1
= — e F(s)ds
2mi Ic ( )
L J. e F (s)ds
2mi ¢
The integral over ¢ tends to zero as r — oo. Therefore,
. 1 )
fx) =1lim — | e*F(s)ds
F— o0 2mi J.c
f (x) = sum of the residue of ¢** F (s) at the poles of F (s).
Note. Methods for finding the residue: See article 7.43, Chapter 7 on page 586.
Example 61. Obtain the inverse Laplace transform of ZS :2] .
S S
s+1
Solution. Let F(s) = (1
) s2+2s M
L-! 2s+ L = Sum of the residues of e* . ;Ll at the poles.  ...(2)
sc+2s sc+2s
The poles of (1) are determined by equating the denominator to zero, i.e.
s+25s =0 or s(s+2) =0 ie.s =0,-2
There are two simple poles at s = 0 and s = —2.
ST St
Residue of €. F (s) (ats = 0) = lim (s—O)L”H-D = lim els+1) -1
s—0 52+2S s—0 (S+2) 2
st
Residue of ¢, F (s) (ats = —2) = lim [M}
s—=>-2 s (S + 2)
St -21(_ -2t
=lim[e (s+l)}=e ( 2+1):e2
s—-2 s -2
1 e-2
Sum of the residue [at s = 0 and s = -2] = 2 2
Putting the value of residues in (2) we get
Sl s+l 7 1 e
L [sz+25:|_2+ 2 Ans.
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Example 62. Find the inverse Laplace transform of m
1
Solution. Let F()=—""5— (1
oution. - Le © =6 D@0 M
-1 {m} = sum of residues of ¢ F (s) at the poles. ..(2)
The poles of (1) are obtained by equating the denominator equal to zero, i.e.,
(s+D(2+1) =0 or s=—-1,+i,—i
There are three poles of F(s)ats = —-1,s =+i and s = —i.
Residue of . F (s) (at 1) = lim (s+1 e lim 4 =€
Sa = — = —— = |1m =
esidue of e (s) (at s ) Sin—ll(s )(s+l)(s2+1) m )
St
Residue of . F(s) (ats = i) = hin (s—i)m
- lim e — e :_i‘it #:_ét(l_‘_l)
soi SED(@s+i) GE+1) @20 2°1+i)(1-9) 4
St
Residue of . F(s) (ats = —i) = lim (s+i) ——————
esidue of e (s) (ats i) S_l)rr_li(s i) GrDe )
- lim et _ e~ _ e—it(i_l)
so-i D =) (mi+1)(=21) 4
Substituting the values of the residues in (2) we get
[ L et i et
s+ (s*+1) 2 4 4
e ! _eit_ieit+l~e—it_e—il e ! eit+e—it ieit_e—il
T2 4 T2 4 T2 2
-t
=%—%cost+%sint Ans.
2_
Example 63. Find the inverse Laplace transform of SZ L .
(s> + 1)
. s2-1
Solution. Let F(s) = m (D)
2 _
L-! { (SSZ " 11)2 } = sum of residues of ¢ . F (s) at the poles (2
The poles of (1) are obtained by equating denominator to zero.
2+1)2 =0 ie, s =1i-—i
There are two poles of second order at s = i and s = — 1.
. . d e (s2=1) dle'(s*-1)
Residue of €. F(s)(ats = i) =—{(s—z)2—} =—[7}
ds (412 |, ds| s+ |, _,
_[GHiP (e a(s> =) +e"2s] -2 (s+i) e (s> — 1)
(s+i)* oo

_[Gtdle (s> =D +e". 25] +e (s*~ 1)
[ (s+i) L

=i

930 Laplace Transformation

_2ife" (=) +e"2i]-2e"(=2) _ —4ite

el
2

i) -8i
. , . d N e(s?-1) dfe'. (s°=1)
Residue of e“.F(s)(ats = —l) = %{(S+l)2.ml:7i = a{Wl__i
_ {(s—i)z[e“".t(sz—l)+2se“"]—e“"(s2—1)2(s—i)}
= )
(S_l) s==1
| =D (P D+2se e (sP=1) 2
(s —i)? i
_z2il e”".t(—2)—2ie‘i’]—e’i’(—2)2: 4ite _ e
(=20 (-2 2
Sum of the residues at (s = iand s = —1)
it it it 4 ,—it
=t’26 +t'§ =1& +ze = tcost .3
Putting the value of sum of residues from (3) in (2), we get
2 _
L-! SZ 12 = tcost Ans.
(s +1)
—bVs
Example 64. Obtain the inverse Laplace Transform of
e bV
Solution. Let F(s) = (1)
— Vs a+ioo — by
L‘l(e—] S g (2)
s 2Ti “a-ic s

The simple pole of F'(s) is at s = 0. Let us have a contour ABCDEF excluding the pole

at x = 0. The contour encloses no singularity, therefore, by Cauchy theorem

I e F(s) =0 Y )
ABCDEFA ] B (a+n
C
or J.e“".F(s)ds+.[e”.F(s)ds+ r
AB BC
X c ) X

I e . F(s)ds+ J. e F(s)ds+ F (o)
cp DE

[ e F(syds+ [ et Fs)ds = 0. 3)

EF FA —1 A (a-ir)

v

Let OC = p,0OD = ¢, then along CD,s = Re'™

€ —ibNr
efo e

| e Fyas =] dR
P

iR
—xR e

_[ et F(s)ds = _[P e

ens =1

T
| e”‘.F(s)dsz_[n — 5 (eei®id0)

e~ =

(S = Re"™along EF)

S = ge'%along DE
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=-2mi
[ e . Feyds=0, [ e F(syds=0
BC jo
On putting the values of the integrals in (3), we have
a+ir xS-bls ibNR _ ,—ibNR
[ ——ds+| e E——C—4r-2mi=0
a-—ir € R
atico xS—b\s o ;
or J ¢ ds=2ni—2i_|. e‘XRMdR (8%0j
d—ioo K 0 R p—> e
a+io  xs—p\s - sin| —— 5
or L[ ds = 1-2 [ e ]y, (R = “—) (4
2Mi Ya-ie s T %0 u X
We know J. e’“20052budu=l\/Ee’h2
0 2
Integrating both sides w.r.t.,, “b”
“ _ 2| sin2bu _1 iy
'[0 e |:—2u }du—z\/ﬁ.[e db
Taking limits O to ﬁx—, we have
b b
o . " b
J‘ 017 sin 2 bu 2V« du ZEJ’NI -7 db
0 2u o 2 0
sinﬂ
“ — U \/; b o —u
Io e » du = \Nm erf 2\/;J e.r.f.x—\/—_[ du

X

( b ]
Putting the value of the above 1ntegral in (4) we have

1 atieo p=bls 27 b
esl—ds = 1-2Terp| 2
2ﬂiju—im s @ 7t2€rf{ ]

2
1-erf. (%x—j Ans.

EXERCISE 13.18
Find the inverse of the following by convolution theorem

S2

C ()
N S Am.l[(3—tz)sinl—3tcosl] S — Ans. =t sinar
s>+ 1) 8 2+ ) 2 a
Find the Laplace transform of the following

1 Ans 1 —cos at

1 1 .
Ans.5|:tcosal+ﬁsmat:| m P

1
s’ +2as+a*+ b

S
. (s2+a2)3/2
ns, — L _
(SZ + 1)3/2

5. e* Jy (bx) Ans. 6. x Jy (ax) Ans

7. xJ; (%)




